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STATISTICS FOR LOW-LYING ZEROS OF SYMMETRIC
POWER L-FUNCTIONS IN THE LEVEL ASPECT
GUILLAUME RICOTTA AND EMMANUEL ROYER
Abstrat. We study one-level and two-level densities for low lying
zeros of symmetri power L-funtions in the level aspet. It allows us to
ompletely determine the symmetry types of some families of symmetri
power L-funtions with presribed sign of funtional equation. We also
ompute the moments of one-level density and exhibit mok-Gaussian
behavior disovered by Hughes & Rudnik.
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1. Introdution and statement of the results
1.1. Desription of the families of L-funtions studied. The purpose
of this paper is to ompute various statistis assoiated to low-lying zeros
of several families of symmetri power L-funtions in the level aspet. First
of all, we give a short desription of these families. To any primitive holo-
morphi usp form f of prime level q and even weight1 κ > 2 (see  2.1
for the automorphi bakground) say f ∈ H∗κ(q), one an assoiate its r-th
symmetri power L-funtion denoted by L(Symr f, s) for any integer r > 1.
It is given by an expliit absolutely onvergent Euler produt of degree r+1
on ℜe s > 1 (see  2.1.4). The ompleted L-funtion is dened by
Λ(Symr f, s) := (qr)s/2 L∞(Symr f, s)L(Symr f, s)
where L∞(Symr f, s) is a produt of r+1 expliit ΓR-fators (see  2.1.4) and
qr is the arithmeti ondutor. We will need some ontrol on the analyti
behaviour of this funtion. Unfortunately, suh information is not urrently
known in all generality. We sum up our main assumption in the following
statement.
Hypothesis Nice(r, f) The funtion Λ (Symr f, s) is a ompleted L-funtion
in the sense that it satises the following nie analyti properties:
• it an be extended to an holomorphi funtion of order 1 on C,
• it satises a funtional equation of the shape
Λ(Symr f, s) = ε (Symr f)Λ(Symr f, 1− s)
1
In this paper, the weight κ is a xed even integer and the level q goes to innity among
the prime numbers.
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where the sign ε (Symr f) = ±1 of the funtional equation is given by
ε (Symr f) :=
{
+1 if r is even,
εf (q)× ε(κ, r) otherwise
(1.1)
with
ε(κ, r) := i(
r+1
2 )
2
(κ−1)+ r+1
2 =

iκ if r ≡ 1 (mod 8),
−1 if r ≡ 3 (mod 8),
−iκ if r ≡ 5 (mod 8),
+1 if r ≡ 7 (mod 8)
and εf (q) = ±1 is dened in (2.15) and only depends on f and q.
Remark 1 Hypothesis Nice(r, f) is known for r = 1 (E. Heke [1012℄), r = 2
thanks to the work of S. Gelbart and H. Jaquet [8℄ and r = 3, 4 from the
works of H. Kim and F. Shahidi [2022℄.
We aim at studying the low-lying zeros for the family of L-funtions given
by
Fr :=
⋃
q prime
{L(Symr f, s), f ∈ H∗κ(q)}
for any integer r > 1. Note that when r is even, the sign of the funtional
equation of any L(Symr f, s) is onstant of value +1 but when r is odd, this
is denitely not the ase. As a onsequene, it is very natural to understand
the low-lying zeros for the subfamilies given by
Fεr :=
⋃
q prime
{L(Symr f, s), f ∈ H∗κ(q), ε (Symr f) = ε}
for any odd integer r > 1 and for ε = ±1.
1.2. Symmetry type of these families. One of the purpose of this work
is to determine the symmetry type of the families Fr and Fεr for ε = ±1 and
for any integer r > 1 (see  4.1 for the bakground on symmetry types). The
following theorem is a quik summary of the symmetry types obtained.
Theorem A Let r > 1 be any integer and ε = ±1. We assume that hypoth-
esis Nice(r, f) holds for any prime number q and any primitive holomorphi
usp form of level q and even weight κ > 2. The symmetry group G(Fr) of
Fr is given by
G(Fr) =
{
Sp if r is even,
O otherwise.
If r is odd then the symmetry group G(Fεr ) of Fεr is given by
G(Fεr ) =
{
SO(even) if ε = +1,
SO(odd) otherwise.
Remark 2 It follows in partiular from the value of ε (Symr f) given in (1.1)
that, if r is even, then Symr f has not the same symmetry type than f and,
if r is odd, then f and Symr f have the same symmetry type if and only if
r ≡ 1 (mod 8) and κ ≡ 0 (mod 4)
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or
r ≡ 5 (mod 8) and κ ≡ 2 (mod 4)
or
r ≡ 7 (mod 8).
Remark 3 Note that we do not assume any Generalised Riemann Hypothesis
for the symmetri power L-funtions.
In order to prove theorem A, we ompute either the (signed) asymptoti
expetation of the one-level density or the (signed) asymptoti expetation of
the two-level density. The results are given in the next two setions in whih
ε = ±1, ν will always be a positive real number, Φ,Φ1 and Φ2 will always
stand for even Shwartz funtions whose Fourier transforms Φ̂, Φ̂1 and Φ̂2 are
ompatly supported in [−ν,+ν] and f will always be a primitive holomor-
phi usp form of prime level q and even weight κ > 2 for whih hypothesis
Nice(r, f) holds. We refer to  2.2 for the probabilisti bakground.
1.2.1. (Signed) asymptoti expetation of the one-level density. The one-level
density (relatively to Φ) of Symr f is dened by
D1,q[Φ; r](f) :=
∑
ρ, Λ(Symr f,ρ)=0
Φ
(
log (qr)
2iπ
(
ℜe ρ− 1
2
+ iℑmρ
))
where the sum is over the non-trivial zeros ρ of L(Symr f, s) with multipli-
ities. The asymptoti expetation of the one-level density is by denition
lim
q prime
q→+∞
[r]
∑
f∈H∗κ(q)
ωq(f)D1,q[Φ; r](f)
where ωq(f) is the harmoni weight dened in (2.7) and similarly the signed
asymptoti expetation of the one-level density is by denition
lim
q prime
q→+∞
2[r]
∑
f∈H∗κ(q)
ε(Symr f)=ε
ωq(f)D1,q[Φ; r](f)
when r is odd.
Theorem B Let r > 1 be any integer and ε = ±1. We assume that hypoth-
esis Nice(r, f) holds for any prime number q and any primitive holomorphi
usp form of level q and even weight κ > 2 and also that θ is admissible (see
hypothesis H2(θ) page 17). Let
ν1,max(r, κ, θ) :=
(
1− 1
2(κ − 2θ)
)
2
r2
.
If ν < ν1,max(r, κ, θ) then the asymptoti expetation of the one-level density
is
Φ̂(0) +
(−1)r+1
2
Φ(0).
Let
νε1,max(r, κ, θ) := inf
(
ν1,max(r, κ, θ),
3
r(r + 2)
)
.
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If r is odd and ν < νε1,max(r, κ, θ) then the signed asymptoti expetation of
the one-level density is
Φ̂(0) +
(−1)r+1
2
Φ(0).
Remark 4 The rst part of Theorem B reveals that the symmetry type of
Fr is
G(Fr) =

Sp if r is even,
O if r = 1,
SO(even) or O or SO(odd) if r > 3 is odd.
We annot deide between the three orthogonal groups when r > 3 is odd
sine in this ase ν1,max(r, κ, θ) < 1 but the omputation of the two-level
densities will enable us to deide. Note also that we go beyond the support
[−1, 1] when r = 1 as Iwanie, Luo & Sarnak [18℄ (Theorem 1.1) but without
doing any subtle arithmeti analysis of Kloosterman sums. Also, A. Güloglu
in [9, Theorem 1.2℄ established some density result for the same family of
L-funtions but when the weight κ goes to innity and the level q is xed.
It turns out that we reover the same onstraint on ν when r is even but we
get a better result when r is odd. This an be explained by the fat that the
analyti ondutor of any L(Symr f, s) with f in H∗κ(q) whih is of size
qr ×
{
κr if r is even
κr+1 otherwise
is slightly larger in his ase than in ours when r is odd.
Remark 5 The seond part of Theorem B reveals that if r is odd and ε = ±1
then the symmetry type of Fεr is
G(Fεr ) = SO(even) or O or SO(odd).
Here ν is always stritly smaller than one and we are not able to reover the
result of [18, Theorem 1.1℄ without doing some arithmeti on Kloosterman
sums.
1.2.2. Sketh of the proof. We give here a sketh of the proof of the rst part
of Theorem B namely we briey explain how to determine the asymptoti
expetation of the one-level density assuming that hypothesis Nice(r, f) holds
for any prime number q and any primitive holomorphi usp form of level
q and even weight κ > 2 and also that θ is admissible. The rst step
onsists in transforming the sum over the zeros of Λ(Symr f, s) whih ours
in D1,q[Φ; r](f) into a sum over primes. This is done via some Riemann's
expliit formula for symmetri power L-funtions stated in Proposition 3.8
whih leads to
D1,q[Φ; r](f) = Φ̂(0)+
(−1)r+1
2
Φ(0)+P 1q [Φ; r](f)+
r−1∑
m=0
(−1)mP 2q [Φ; r,m](f)+o(1)
where
P 1q [Φ; r](f) := −
2
log (qr)
∑
p∈P
p∤q
λf (p
r)
log p√
p
Φ̂
(
log p
log (qr)
)
. (1.2)
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The terms P 2q [Φ; r,m](f) are also sums over primes whih look like P
1
q [Φ; r](f)
but an be forgotten in rst approximation sine they an be thought as sums
over squares of primes whih are easier to deal with. The seond step on-
sists in averaging over all the f in H∗κ(q). While doing this, the asymptoti
expetation of the one-level density
Φ̂(0) +
(−1)r+1
2
Φ(0)
naturally appears and we need to show that
− 2
log (qr)
∑
p∈P
p∤q
 ∑
f∈H∗κ(q)
ωq(f)λf (p
r)
 log p√
p
Φ̂
(
log p
log (qr)
)
is a remainder term provided that the support ν of Φ is small enough. We
apply some suitable trae formula given in Proposition 2.2 in order to express
the previous average of Heke eigenvalues. We annot diretly apply Peter-
son's trae formula sine there may be some old forms of level q espeially
when the weight κ is large. Nevertheless, these old forms are automatially
of level 1 sine q is prime and their ontribution remains negligible. So, we
have to bound
− 4πi
κ
log (qr)
∑
p∈P
p∤q
∑
c>1
q|c
S(1, pr; c)
c
Jκ−1
(
4π
√
pr
c
)
log p√
p
Φ̂
(
log p
log (qr)
)
where S(1, pr; c) is a Kloosterman sum and whih an be written as
− 4πi
κ
log (qr)
∑
c>1
q|c
∑
m>1
am
S(1,m; c)
c
g(m; c)
where
am := 1[1,qr2ν ](m)
logm
rm1/(2r)
×
{
1 if m = pr for some prime p 6= q,
0 otherwise
and
g(m; c) := Jκ−1
(
4π
√
m
c
)
Φ̂
(
logm
r log (qr)
)
.
We apply the large sieve inequality for Kloosterman sums given in proposi-
tion 3.4. It entails that if ν 6 2/r2 then suh quantity is bounded by
≪ε q(
κ−1
2
−θ)(r2ν−2)+ε + q(
κ
2
−θ)r2ν−(κ− 12−2θ)+ε.
This is an admissible error term if ν < ν1,max(r, κ, θ). We fous on the fat
that we did any arithmeti analysis of Kloosterman sums to get this result.
Of ourse, the power of spetral theory of automorphi forms is hidden in
the large sieve inequalities for Kloosterman sums.
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1.2.3. (Signed) asymptoti expetation of the two-level density. The two-level
density of Symr f (relatively to Φ1 and Φ2) is dened by
D2,q[Φ1,Φ2; r](f) :=
∑
(j1,j2)∈E(f,r)2
j1 6=±j2
Φ1
(
ρ̂
(j1)
f,r
)
Φ2
(
ρ̂
(j2)
f,r
)
.
For more preision on the numbering of the zeros, we refer to  3.2. The
asymptoti expetation of the two-level density is by denition
lim
q prime
q→+∞
[r]
∑
f∈H∗κ(q)
ωq(f)D2,q[Φ1,Φ2; r](f)
and similarly the signed asymptoti expetation of the two-level density is by
denition
lim
q prime
q→+∞
2[r]
∑
f∈H∗κ(q)
ε(Symr f)=ε
ωq(f)D2,q[Φ1,Φ2; r](f)
when r is odd and ε = ±1.
Theorem C Let r > 1 be any integer and ε = ±1. We assume that hypoth-
esis Nice(r, f) holds for any prime number q and any primitive holomorphi
usp form of level q and even weight κ > 2. If ν < 1/r2 then the asymptoti
expetation of the two-level density is[
Φ̂1(0) +
(−1)r+1
2
Φ1(0)
] [
Φ̂2(0) +
(−1)r+1
2
Φ2(0)
]
+ 2
∫
R
|u|Φ̂1(u)Φ̂2(u) du− 2Φ̂1Φ2(0) +
(
(−1)r + 12N+1(r)
2
)
Φ1(0)Φ2(0).
If r is odd and ν < 1/(2r(r + 2)) then the signed asymptoti expetation of
the two-level density is[
Φ̂1(0) +
1
2
Φ1(0)
] [
Φ̂2(0) +
1
2
Φ2(0)
]
+ 2
∫
R
|u|Φ̂1(u)Φ̂2(u) du− 2Φ̂1Φ2(0)− Φ1(0)Φ2(0)
+ 1{−1}(ε)Φ1(0)Φ2(0).
Remark 6 We have just seen that the omputation of the one-level density
already reveals that the symmetry type of Fr is Sp when r is even. The
asymptoti expetation of the two-level density also oinides with the one
of Sp (see [19, Theorem A.D.2.2℄ or [26, Theorem 3.3℄). When r > 3 is
odd, the rst part of Theorem C together with a result of Katz & Sarnak
(see [19, Theorem A.D.2.2℄ or [26, Theorem 3.2℄) imply that the symmetry
type of Fr is O.
Remark 7 The seond part of Theorem C and a result of Katz & Sarnak
(see [19, Theorem A.D.2.2℄ or [26, Theorem 3.2℄) imply that the symmetry
type of Fεr is as in Theorem A for any odd integer r > 1 and ε = ±1.
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In order to prove Theorem C, we need to determine the asymptoti vari-
ane of the one-level density whih is dened by
lim
q prime
q→+∞
[r]
∑
f∈H∗κ(q)
ωq(f)
D1,q[Φ; r](f)− ∑
g∈H∗κ(q)
ωq(g)D1,q [Φ; r](g)
2
and the signed asymptoti variane of the one-level density whih is similarly
dened by
lim
q prime
q→+∞
2[r]
∑
f∈H∗κ(q)
ε(Symr f)=ε
ωq(f)
D1,q[Φ; r](f)− 2[r] ∑
g∈H∗κ(q)
ε(Symr g)=ε
ωq(g)D1,q[Φ; r](g)

2
when r is odd and ε = ±1.
Theorem D Let r > 1 be any integer and ε = ±1. We assume that hypoth-
esis Nice(r, f) holds for any prime number q and any primitive holomorphi
usp form of level q and even weight κ > 2. If ν < 1/r2 then the asymptoti
variane of the one-level density is
2
∫
R
|u|Φ̂2(u) du.
If r is odd and ν < 1/(2r(r + 2)) then the signed asymptoti variane of the
one-level density is
2
∫
R
|u|Φ̂2(u) du.
1.3. Asymptoti moments of the one-level density. Last but not least,
we ompute the asymptoti m-th moment of the one-level density whih is
dened by
lim
q prime
q→+∞
[r]
∑
f∈H∗κ(q)
ωq(f)
D1,q[Φ; r](f)− ∑
g∈H∗κ(q)
ωq(g)D1,q[Φ; r](g)
m
for any integer m > 1.
Theorem E Let r > 1 be any integer and ε = ±1. We assume that hypoth-
esis Nice(r, f) holds for any prime number q and any primitive holomorphi
usp form of level q and even weight κ > 2. If mν < 4 /(r(r + 2)) then the
asymptoti m-th moment of the one-level density is{
0 if m is odd,
2
∫
R|u|Φ̂2(u) du× m!2m/2(m2 )! otherwise.
Remark 8 This result is another evidene for mok-Gaussian behaviour (see
[1315℄ for instane).
Remark 9 We ompute the rst asymptoti moments of the one-level density.
These omputations allow to ompute the asymptoti expetation of the
rst level-densities [13, 1.2℄. We will use the spei ase of the asymptoti
expetation of the two-level density and the asymptoti variane in  5.1.
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Let us sketh the proof of Theorem E by explaining the origin of the main
term. We have to evaluate∑
06ℓ6m
06α6ℓ
(
m
ℓ
)(
ℓ
α
)
R(q)ℓ−α Ehq
(
P 1q [Φ; r]
m−ℓP 2q [Φ; r]
α
)
(1.3)
where P 1q [Φ; r] has been dened in (1.2),
P 2q [Φ; r](f) = −
2
log(qr)
r∑
j=1
(−1)r−j
∑
p∈P
p∤q
λf
(
p2j
) log p
p
Φ̂
(
2 log p
log(qr)
)
and R(q) satises
R(q) = O
(
1
log q
)
.
The main term omes from the ontribution ℓ = 0 in the sum (1.3). Using a
ombinatorial lemma, we rewrite this main ontribution as
(−2)m
logm (qr)
m∑
s=1
∑
σ∈P (m,s)
∑
i1,...,is
distint
Ehq
(
s∏
u=1
λf
(
p̂riu
)̟(σ)u )
where P (m, s) is the set of surjetive funtions
σ : {1, . . . , α}։ {1, . . . , s}
suh that for any j ∈ {1, . . . , s}, either σ(j) = 1 or there exists k < j suh
that σ(j) = σ(k) + 1 and for any j ∈ {1, . . . , s}
̟
(σ)
j := #σ
−1({j}).
(p̂i)i>1 stands for the inreasing sequene of prime numbers dierent from q.
Linearising eah λf
(
p̂riu
)̟(σ)u
in terms of λf
(
p̂juiu
)
with ju runs over integers
in [0, r̟
(σ)
u ] and using a trae formula to prove that the only σ ∈ P (m, s)
leading to a prinipal ontribution satisfy ̟
(σ)
j = 2 for any j ∈ {1, . . . , s},
we have to estimate
(−2)m
logm (qr)
m∑
s=1
∑
σ∈P (m,s)
∀j∈{1,...,s},̟(σ)j =2
∑
i1,...,is
distint
s∏
u=1
log2 (p̂iu)
p̂iu
Φ̂2
(
log p̂iu
log (qr)
)
. (1.4)
This sum vanishes if m is odd sine
s∑
j=1
̟
(σ)
j = m
and it remains to prove the formula for m even. In this ase, and sine we
already omputed the moment for m = 2, we dedue from (1.4) that the
main ontribution is
Ehq (P
1
q [Φ; r]
2)×#
{
σ ∈ P (m,m/2): ̟(σ)j = 2 (∀j)
}
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and we onlude by omputing
#
{
σ ∈ P (m,m/2): ̟(σ)j = 2 (∀j)
}
=
m!
2m/2
(
m
2
)
!
.
Proving that the other terms lead to error terms is done by implementing
similar ideas, but requires  espeially for the double produts (namely terms
implying both P 1q and P
2
q )  muh more ombinatorial tehnialities.
1.4. Organisation of the paper. Setion 2 ontains the automorphi and
probabilisti bakground whih is needed to be able to read this paper.
In partiular, we give here the aurate denition of symmetri power L-
funtions and the properties of Chebyshev polynomials useful in setion 6.
In setion 3, we desribe the main tehnial ingredients of this work namely
large sieve inequalities for Kloosterman sums and Riemann's expliit for-
mula for symmetri power L-funtions. In setion 4, some standard fats
about symmetry groups are given and the omputation of the (signed) as-
ymptoti expetation of the one-level density is done. The omputations
of the (signed) asymptoti expetation, ovariane and variane of the two-
level density are done in setion 5 whereas the omputation of the asymptoti
moments of the one-level density is provided in setion 6. Some well-known
fats about Kloosterman sums are realled in appendix A.
Notation We write P for the set of prime numbers and the main parameter
in this paper is a prime number q, whose name is the level, whih goes to
innity among P. Thus, if f and g are some C-valued funtions of the real
variable then the notations f(q) ≪A g(q) or f(q) = OA(g(q)) mean that
|f(q)| is smaller than a "onstant" whih only depends on A times g(q) at
least for q a large enough prime number and similarly, f(q) = o(1) means
that f(q)→ 0 as q goes to innity among the prime numbers. We will denote
by ε an absolute positive onstant whose denition may vary from one line
to the next one. The harateristi funtion of a set S will be denoted 1S.
2. Automorphi and probabilisti bakground
2.1. Automorphi bakground.
2.1.1. Overview of holomorphi usp forms. In this setion, we reall general
fats about holomorphi usp forms. A referene is [16℄.
Generalities  We write Γ0(q) for the ongruene subgroup of level q whih
ats on the upper-half plane H. A holomorphi funtion f : H 7→ C whih
satises
∀
(
a b
c d
)
∈ Γ0(q),∀z ∈ H, f
(
az + b
cz + d
)
= (cz + d)κf(z)
and vanishes at the usps of Γ0(q) is a holomorphi usp form of level q,
even weight κ > 2. We denote by Sκ(q) this spae of holomorphi usp
forms whih is equipped with the Peterson inner produt
〈f1, f2〉q :=
∫
Γ0(q)\H
yκf1(z)f2(z)
dxdy
y2
.
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The Fourier expansion at the usp ∞ of any suh holomorphi usp form f
is given by
∀z ∈ H, f(z) =
∑
n>1
ψf (n)n
(κ−1)/2e(nz)
where e(z) := exp (2iπz) for any omplex number z. The Heke operators
at on Sκ(q) by
Tℓ(f)(z) :=
1√
ℓ
∑
ad=ℓ
(a,q)=1
∑
06b<d
f
(
az + b
d
)
for any z ∈ H. If f is an eigenvetor of Tℓ, we write λf (ℓ) the orresponding
eigenvalue. We an prove that Tℓ is hermitian if ℓ > 1 is any integer oprime
with q and that
Tℓ1 ◦ Tℓ2 =
∑
d|(ℓ1,ℓ2)
(d,q)=1
Tℓ1ℓ2/d2 (2.1)
for any integers ℓ1, ℓ2 > 1. By Atkin & Lehner theory [1℄, we get a splitting
of Sκ(q) into S
o
κ(q)⊕⊥〈·,·〉q Snκ(q) where
Soκ(q) := VectC {f(qz), f ∈ Sκ(1)} ∪ Sκ(1),
Snκ(q) := (S
o
κ(q))
⊥〈·,·〉q
where "o" stands for "old" and "n" for "new". Note that Soκ(q) = {0} if
κ < 12 or κ = 14. These two spaes are Tℓ-invariant for any integer ℓ > 1
oprime with q. A primitive usp form f ∈ Snκ(q) is an eigenfuntion of any
operator Tℓ for any integer ℓ > 1 oprime with q whih is new and arith-
metially normalised namely ψf (1) = 1. Suh an element f is automatially
an eigenfuntion of the other Heke operators and satises ψf (ℓ) = λf (ℓ) for
any integer ℓ > 1. Moreover, if p is a prime number, dene αf (p), βf (p) as
the omplex roots of the quadrati equation
X2 − λf (p)X + εq(p) = 0 (2.2)
where εq denotes the trivial Dirihlet harater of modulus q. Then it follows
from the work of Eihler, Shimura, Igusa and Deligne that
|αf (p)|, |βf (p)| 6 1
for any prime number p and so
∀ℓ > 1, |λf (ℓ)| 6 τ(ℓ). (2.3)
The set of primitive usp forms is denoted by H∗κ(q). It is an orthogonal
basis of Snκ(q). Let f be a holomorphi usp form with Heke eigenvalues
(λf (ℓ))(ℓ,q)=1. The omposition property (2.1) entails that for any integer
ℓ1 > 1 and for any integer ℓ2 > 1 oprime with q the following multipliative
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relations hold:
ψf (ℓ1)λf (ℓ2) =
∑
d|(ℓ1,ℓ2)
(d,q)=1
ψf
(
ℓ1ℓ2
/
d2
)
, (2.4)
ψf (ℓ1ℓ2) =
∑
d|(ℓ1,ℓ2)
(d,q)=1
µ(d)ψf (ℓ1/d) λf (ℓ2/d) (2.5)
and these relations hold for any integers ℓ1, ℓ2 > 1 if f is primitive. The
adjointness relation is
λf (ℓ) = λf (ℓ), ψf (ℓ) = ψf (ℓ) (2.6)
for any integer ℓ > 1 oprime with q and this remains true for any integer
ℓ > 1 if f is primitive.
Trae formulas  We need two denitions. The harmoni weight assoiated
to any f in Sκ(q) is dened by
ωq(f) :=
Γ(κ− 1)
(4π)κ−1〈f, f〉q . (2.7)
For any natural integer m and n, the ∆q-symbol is given by
∆q(m,n) := δm,n + 2πi
κ
∑
c>1
q|c
S(m,n; c)
c
Jκ−1
(
4π
√
mn
c
)
(2.8)
where S(m,n; c) is a Kloosterman sum dened in appendix A.3 and Jκ−1 is
a Bessel funtion of rst kind dened in appendix A.2.The following propo-
sition is Peterson's trae formula.
Proposition 2.1 If Hκ(q) is any orthogonal basis of Sκ(q) then∑
f∈Hκ(q)
ωq(f)ψf (m)ψf (n) = ∆q(m,n) (2.9)
for any integers m and n.
H. Iwanie, W. Luo & P. Sarnak proved in [18℄ a useful variation of Pe-
terson's trae formula whih is an average over only primitive usp forms.
This is more onvenient when there are some old forms whih is the ase for
instane when the weight κ is large. Let ν be the arithmeti funtion dened
by
ν(n) := n
∏
p|n
(1 + 1/p)
for any integer n > 1.
Proposition 2.2 (H. Iwanie, W. Luo & P. Sarnak (2001)) If
(
n, q2
) | q and
q ∤ m then∑
f∈H∗κ(q)
ωq(f)λf (m)λf (n) = ∆q(m,n)− 1
qν((n, q))
∑
ℓ|q∞
1
ℓ
∆1
(
mℓ2, n
)
.
(2.10)
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Remark 2.3 The rst term in (2.10) is exatly the term whih appears in
(2.9) whereas the seond term in (2.10) will be usually very small as an old
form omes from a form of level 1! Thus, everything works in pratie as if
there were no old forms in Sκ(q).
2.1.2. Chebyshev polynomials and Heke eigenvalues. Let p 6= q a prime
number and f ∈ H∗κ(q). The multipliativity relation (2.4) leads to∑
r>0
λf (p
r)tr =
1
1− λf (p)t+ t2 .
It follows that
λf (p
r) = Xr (λf (p)) (2.11)
where the polynomials Xr are dened by their generating series∑
r>0
Xr(x)t
r =
1
1− xt+ t2 .
They are also dened by
Xr(2 cos θ) =
sin ((r + 1)θ)
sin (θ)
.
These polynomials are known as the Chebyshev polynomials of seond kind.
Eah Xr has degree r, is even if r is even and odd otherwise. The family
{Xr}r>0 is a basis for Q[X], orthonormal with respet to the inner produt
〈P,Q〉ST := 1
π
∫ 2
−2
P (x)Q(x)
√
1− x
2
4
dx.
In partiular, for any integer ̟ > 0 we have
X̟r =
r∑̟
j=0
x(̟, r, j)Xj (2.12)
with
x(̟, r, j) := 〈X̟r ,Xj〉ST =
2
π
∫ π
0
sin̟ ((r + 1)θ) sin ((j + 1)θ)
sin̟−1 (θ)
dθ. (2.13)
The following relations are useful in this paper
x(̟, r, j) =

1 if j = 0 and ̟ is even,
0 if j is odd and r is even,
0 if j = 0, ̟ = 1 and r > 1.
(2.14)
2.1.3. Overview of L-funtions assoiated to primitive usp forms. Let f in
H∗κ(q). We dene
L(f, s) :=
∑
n>1
λf (n)
ns
=
∏
p∈P
(
1− αf (p)
ps
)−1(
1− βf (p)
ps
)−1
whih is an absolutely onvergent and non-vanishing Dirihlet series and
Euler produt on ℜe s > 1 and also
L∞(f, s) := ΓR (s+ (κ− 1)/2) ΓR (s+ (κ+ 1)/2)
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where ΓR(s) := π
−s/2 Γ (s/2) as usual. The funtion
Λ(f, s) := qs/2L∞(f, s)L(f, s)
is a ompleted L-funtion in the sense that it satises the following nie
analyti properties:
• the funtion Λ(f, s) an be extended to an holomorphi funtion of
order 1 on C,
• the funtion Λ(f, s) satises a funtional equation of the shape
Λ(f, s) = iκεf (q)Λ(f, 1 − s)
where
εf (q) = −√qλf (q) = ±1. (2.15)
2.1.4. Overview of symmetri power L-funtions. Let f in H∗κ(q). For any
natural integer r > 1, the symmetri r-th power assoiated to f is given by
the following Euler produt of degree r + 1
L(Symr f, s) :=
∏
p∈P
Lp(Sym
r f, s)
where
Lp(Sym
r f, s) :=
r∏
i=0
(
1− αf (p)
iβf (p)
r−i
ps
)−1
for any prime number p. Let us remark that the loal fators of this Euler
produt may be written as
Lp(Sym
r f, s) =
r∏
i=0
(
1− αf (p)
2i−r
ps
)−1
for any prime number p 6= q and
Lq(Sym
r f, s) = 1− λf (q)
r
qs
= 1− λf (q
r)
qs
as αf (p) + βf (p) = λf (p) and αf (p)βf (p) = εq(p) for any prime number p
aording to (2.2). On ℜe s > 1, this Euler produt is absolutely onvergent
and non-vanishing. We also denes [4, (3.16) and (3.17)℄ a loal fator at ∞
whih is given by a produt of r + 1 Gamma fators namely
L∞(Symr f, s) :=
∏
06a6(r−1)/2
ΓR (s+ (2a+ 1)(κ− 1)/2) ΓR (s+ 1 + (2a+ 1)(κ − 1)/2)
if r is odd and
L∞(Symr f, s) := ΓR(s+µκ,r)
∏
16a6r/2
ΓR (s+ a(κ− 1)) ΓR (s+ 1 + a(κ− 1))
if r is even where
µκ,r :=
{
1 if r(κ− 1)/2 is odd,
0 otherwise.
All the loal data appearing in these loal fators are enapsulated in the
following ompleted L-funtion
Λ(Symr f, s) := (qr)s/2 L∞(Symr f, s)L(Symr f, s).
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Here, qr is alled the arithmeti ondutor of Λ(Symr f, s) and somehow
measures the size of this funtion. We will need some ontrol on the an-
alyti behaviour of this funtion. Unfortunately, suh information is not
urrently known in all generality. Our main assumption is given in hypothe-
sis Nice(r, f) page 2. Indeed, muh more is expeted to hold as it is disussed
in details in [4℄ namely the following assumption is strongly believed to be
true and lies in the spirit of Langlands program.
Hypothesis Symr(f) There exists an automorphi uspidal self-dual repre-
sentation, denoted by Symr πf = ⊗′p∈P∪{∞} Symr πf,p, of GLr+1 (AQ) whose
loal fators L (Symr πf,p, s) agree with the loal fators Lp (Sym
r f, s) for
any p in P ∪ {∞}.
Note that the loal fators and the arithmeti ondutor in the denition
of Λ (Symr f, s) and also the sign of its funtional equation whih all appear
without any explanations so far ome from the expliit omputations whih
have been done via the loal Langlands orrespondene by J. Cogdell and
P. Mihel in [4℄. Obviously, hypothesis Nice(r, f) is a weak onsequene of
hypothesis Symr(f). For instane, the uspidality ondition in hypothesis
Symr(f) entails the fat that Λ (Symr f, s) is of order 1 whih is ruial for
us to state a suitable expliit formula. As we will not exploit the power of
automorphi theory in this paper, hypothesis Nice(r, f) is enough for our
purpose. In addition, it may happen that hypothesis Nice(r, f) is known
whereas hypothesis Symr f is not. Let us overview what has been done so
far. For any f in H∗κ(q), hypothesis Sym
r f is known for r = 1 (E. Heke),
r = 2 thanks to the work of S. Gelbart and H. Jaquet [8℄ and r = 3, 4 from
the works of H. Kim and F. Shahidi [2022℄.
2.2. Probabilisti bakground. The set H∗κ(q) an be seen as a probabil-
ity spae if
• the measurable sets are all its subsets,
• the harmoni probability measure is dened by
µhq (A) :=
∑h
f∈A
1 :=
∑
f∈A
ωq(f)
for any subset A of H∗κ(q).
Indeed, there is a slight abuse here as we only know that
lim
q∈P
q→+∞
µhq (H
∗
κ(q)) = 1 (2.16)
(see remark 3.12) whih means that µhq is an asymptoti probability mea-
sure. If Xq is a measurable omplex-valued funtion on H
∗
κ(q) then it is very
natural to ompute its expetation dened by
Ehq (Xq) :=
∑h
f∈H∗κ(q)
Xq(f),
its variane dened by
Vhq (Xq) := E
h
q
((
Xq − Ehq (Xq)
)2)
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and its m-th moments given by
Mhq,m (Xq) := E
h
q
((
Xq − Ehq (Xq)
)m)
for any integer m > 1. If X := (Xq)q∈P is a sequene of suh measurable
omplex-valued funtions then we may legitimely wonder if the assoiated
omplex sequenes(
Ehq (Xq)
)
q∈P
,
(
Vhq (Xq)
)
q∈P
,
(
Mhq,m (Xq)
)
q∈P
onverge as q goes to innity among the primes. If yes, the following general
notations will be used for their limits
Eh∞ (X) , V
h
∞ (X) , M
h
∞,m (X)
for any natural integer m. In addition, these potential limits are alled
asymptoti expetation, asymptoti variane and asymptoti m-th moments
of X for any natural integer m > 1.
For the end of this setion, we assume that r is odd. We may remark
that the sign of the funtional equations of any L(Symr f, s) when q goes to
innity among the prime numbers and f ranges over H∗κ(q) is not onstant
as it depends on εf (q). Let
Hεκ(q) := {f ∈ H∗κ(q), ε(Symr f) = ε}
where ε = ±1. If f ∈ H+1κ (q), then Symr f is said to be even whereas it is
said to be odd if f ∈ H−1κ (q). It is well-known that
lim
q∈P
q→+∞
µhq ({f ∈ H∗k(q) : εf (q) = ε}) =
1
2
.
Sine ε(Symr f) is εq(f) up to a sign depending only on κ and r (by hypoth-
esis Nice(r, f)), it follows that
lim
q∈P
q→+∞
µhq (H
ε
κ(q)) =
1
2
. (2.17)
For Xq as previous, we an ompute its signed expetation dened by
Eh,εq (Xq) := 2
∑h
f∈Hεκ(q)
Xq(f),
its signed variane dened by
Vh,εq (Xq) := E
h,ε
q
((
Xq − Eh,εq (Xq)
)2)
and its signed m-th moments given by
Mh,εq,m (Xq) := E
h,ε
q
((
Xq − Eh,εq (Xq)
)m)
for any natural integerm > 1. In ase of existene, we write Eh,ε∞ (X), Vh,ε∞ (X)
and Mh,ε∞,m(X) for the limits whih are alled signed asymptoti expetation,
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signed asymptoti variane and signed asymptoti moments. The signed
expetation and the expetation are linked through the formula
Eh,εq (Xq) = 2
∑h
f∈H∗κ(q)
1 + ε× ε(Symr f)
2
Xq(f)
= Ehq (Xq)− ε× ε(κ, r)
√
q
∑h
f∈H∗κ(q)
λf (q)Xq(f). (2.18)
3. Main tehnial ingredients of this work
3.1. Large sieve inequalities for Kloosterman sums. One of the main
ingredients in this work is some large sieve inequalities for Kloosterman sums
whih have been established by J.-M. Deshouillers & H. Iwanie in [5℄ and
then rened by V. Blomer, G. Haros & P. Mihel in [2℄. The proof of these
large sieve inequalities relies on the spetral theory of automorphi forms
on GL2 (AQ). In partiular, the authors have to understand the size of the
Fourier oeients of these automorphi usp forms. We have already seen
that the size of the Fourier oeients of holomorphi usp forms is well
understood (2.3) but we only have partial results on the size of the Fourier
oeients of Maass usp forms whih do not ome from holomorphi forms.
We introdue the following hypothesis whih measures the approximation
towards the Ramanujan-Peterson-Selberg onjeture.
Hypothesis H2(θ) If π := ⊗′p∈P∪{∞}πp is any automorphi uspidal form
on GL2(AQ) with loal Heke parameters α
(1)
π (p), α
(2)
π (p) at any prime num-
ber p and µ
(1)
π (∞), µ(2)π (∞) at innity then
∀j ∈ {1, 2}, |α(j)π (p)| 6 pθ
for any prime number p for whih πp is unramied and
∀j ∈ {1, 2}, |ℜe
(
µ(j)π (∞)
)
| 6 θ
provided π∞ is unramied.
Denition 3.1 We say that θ is admissible if H2(θ) is satised.
Remark 3.2 The smallest admissible value of θ is urrently θ0 =
7
64 thanks
to the works of H. Kim, F. Shahidi and P. Sarnak [20,21℄. The Ramanujan-
Peterson-Selberg onjeture asserts that 0 is admissible.
Denition 3.3 Let T : R3 → R+ and (M,N,C) ∈ (R \ {0})3, we say that
a smooth funtion h : R3 → R3 satises the property P(T ;M,N,C) if there
exists a real number K > 0 suh that
∀(i, j, k) ∈ N3,∀(x1, x2, x3) ∈
[
M
2
, 2M
]
×
[
N
2
, 2N
]
×
[
C
2
, 2C
]
,
xi1x
j
2x
k
3
∂i+j+kh
∂xi1∂x
j
2∂x
k
3
(x1, x2, x3) 6 KT (M,N,C)
(
1 +
√
MN
C
)i+j+k
.
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With this denition in mind, we are able to write the following proposi-
tion whih is speial ase of a large sieve inequality adapted from the one of
Deshouillers & Iwanie [5, Theorem 9℄ by Blomer, Haros & Mihel [2, The-
orem 4℄.
Proposition 3.4 Let q be some positive integer. Let M,N,C > 1 and g be
a smooth funtion satisfying property P(1;M,N,C). Consider two sequenes
of omplex numbers (am)m∈[M/2,2M ] and (bn)n∈[N/2,2N ]. If θ is admissible
and MN ≪ C2 then∑
c>1
q|c
∑
m>1
∑
n>1
ambn
S(m,±n; c)
c
g(m,n; c)
≪ε (qMNC)ε
(
C2
MN
)θ (
1 +
M
q
)1/2 (
1 +
N
q
)1/2
‖a‖2‖b‖2 (3.1)
for any ε > 0.
We shall use a test funtion. For any ν > 0 let us dene Sν(R) as the
spae of even Shwartz funtion Φ whose Fourier transform
Φ̂(ξ) := F [x 7→ Φ(x)](ξ) :=
∫
R
Φ(x)e(−xξ) dx
is ompatly supported in [−ν,+ν]. Thanks to the Fourier inversion formula:
Φ(x) =
∫
R
Φ̂(ξ)e(xξ) dx = F [ξ 7→ Φ̂(ξ)](−x), (3.2)
suh a funtion Φ an be extended to an entire even funtion whih satises
∀s ∈ C, Φ(s)≪n exp (ν|ℑms|)
(1 + |s|)n (3.3)
for any integer n > 0.The version of the large sieve inequality we shall use
several times in this paper is then the following.
Corollary 3.5 Let q be some prime number, k1, k2 > 0 be some integers,
α1, α2, ν be some positive real numbers and Φ ∈ Sν(R). Let h be some
smooth funtion satisfying property P(T ;M,N,C) for any 1 6 M 6 qk1α1ν,
1 6 N 6 qk2α2ν and C > q. Let (ap) p∈P
p6qα1ν
and (bp) p∈P
p6qα2ν
be some omplex
numbers sequenes. If θ is admissible and ν 6 2 /(k1α1 + k2α2) then∑
c>1
q|c
∑
p1∈P
p1∤q
∑
p2∈P
p2∤q
ap1bp2
S(pk11 , p
k2
2 ; c)
c
h
(
pk11 , p
k2
2 ; c
)
Φ̂
(
log p1
log(qα1)
)
Φ̂
(
log p2
log(qα2)
)
≪ qε
∑♯
16M6qνα1k1
16N6qνα2k2
C>q/2
(
1 +
√
M
q
)(
1 +
√
N
q
)(
C2
MN
)θ
T (M,N,C)‖a‖2‖b‖2
(3.4)
where ♯ indiates that the sum is on powers of
√
2. The onstant implied by
the symbol ≪ depends at most on ε, k1, k2, α1, α2 and ν.
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Proof. Dene (âm)m∈N,
(
b̂n
)
n∈N
and g(m,n; c) by
âm := am1/k1 1Pk1 (m) 1[1,qνα1k1 ](m) (3.5)
b̂n := bn1/k1 1Pk1 (n) 1[1,qνα1k1 ](n) (3.6)
g(m,n; c) := h(m,n, c)Φ̂
(
logm
log(qα1k1)
)
Φ̂
(
log n
log(qα2k2)
)
. (3.7)
Using a smooth partition of unity, as detailed in  A.1, we need to evaluate∑♯
16M6qνα1k1
16N6qνα2k2
C>q/2
T (M,N,C)
∑
c>1
q|c
∑
m>1
∑
n>1
âmb̂n
S(m,n; c)
c
gM,N,C(m,n; c)
T (M,N,C)
. (3.8)
Sine ν 6 2 /(α1k1 + α2k2) , the rst summation is restrited to MN ≪ C2
hene, using proposition 3.4, the quantity in (3.8) is
≪ ‖a‖2‖b‖2qε
∑♯
16M6qνα1k1
16N6qνα2k2
C>q/2
T (M,N,C)
(
1 +
√
M
q
)(
1 +
√
N
q
)(
C2
MN
)θ
.
(3.9)

3.2. Riemann's expliit formula for symmetri power L-funtions.
In this setion, we give an analog of Riemann-von Mangoldt's expliit formula
for symmetri power L-funtions. Before that, let us reall some preliminary
fats on zeros of symmetri power L-funtions whih an be found in setion
5.3 of [17℄. Let r > 1 and f ∈ H∗κ(q) for whih hypothesis Nice(r, f) holds.
All the zeros of Λ(Symr f, s) are in the ritial strip {s ∈ C : 0 < ℜe s < 1}.
The multiset of the zeros of Λ(Symr f, s) ounted with multipliities is given
by {
ρ
(j)
f,r = β
(j)
f,r + iγ
(j)
f,r : j ∈ E(f, r)
}
where
E(f, r) :=
{
Z if Symr f is odd
Z \ {0} if Symr f is even.
and
β
(j)
f,r = ℜe ρ(j)f,r,
γ
(j)
f,r = ℑmρ
(j)
f,r
for any j ∈ E(f, r). We enumerate the zeros suh that
(1) the sequene j 7→ γ(j)f,r is inreasing
(2) we have j > 0 if and only if γ
(j)
f,r > 0
(3) we have ρ
(−j)
f,r = 1− ρ
(j)
f,r.
Note that if ρ
(j)
f,r is a zero of Λ(Sym
r f, s) then ρ
(j)
f,r, 1− ρ(j)f,r and 1− ρ(j)f,r are
also some zeros of Λ(Symr f, s). In addition, remember that if Symr f is odd
then the funtional equation of L(Symr f, s) evaluated at the ritial point
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s = 1/2 provides a trivial zero denoted by ρ
(0)
f,r. It an be shown [17, Theorem
5.8℄ that the number of zeros Λ(Symr f, s) satisfying |γ(j)f,r | 6 T is
T
π
log
(
qrT r+1
(2πe)r+1
)
+O (log(qT )) (3.10)
as T > 1 goes to innity. We state now the Generalised Riemann Hypothesis
whih is the main onjeture about the horizontal distribution of the zeros
of Λ(Symr f, s) in the ritial strip.
Hypothesis GRH(r) For any prime number q and any f in H∗κ(q), all
the zeros of Λ(Symr f, s) lie on the ritial line {s ∈ C : ℜe s = 1/2} namely
β
(j)
r,f = 1/2 for any j ∈ E(f, r).
Remark 3.6 We do not use this hypothesis in our proofs.
Under hypothesis GRH(r), it an be shown that the number of zeros of
the funtion Λ(Symr f, s) satisfying |γ(j)f,r | 6 1 is given by
1
π
log (qr)(1 + o(1))
as q goes to innity. Thus, the spaing between two onseutive zeros with
imaginary part in [0, 1] is roughly of size
2π
log (qr)
. (3.11)
We aim at studying the loal distribution of the zeros of Λ(Symr f, s) in a
neighborhood of the real axis of size 1/ log qr sine in suh a neighborhood,
we expet to ath only few zeros (but without being able to say that we
ath only one
2
). Hene, we normalise the zeros by dening
ρ̂
(j)
f,r :=
log (qr)
2iπ
(
β
(j)
f,r −
1
2
+ iγ
(j)
f,r
)
.
Note that
ρ̂
(−j)
f,r = −ρ̂(j)f,r.
Denition 3.7 Let f ∈ H∗κ(q) for whih hypothesis Nice(r, f) holds and let
Φ ∈ Sν(R). The one-level density (relatively to Φ) of Symr f is
D1,q[Φ; r](f) :=
∑
j∈E(f,r)
Φ
(
ρ̂
(j)
f,r
)
. (3.12)
To study D1,q[Φ; r](f) for any Φ ∈ Sν(R), we transform this sum over
zeros into a sum over primes in the next proposition. In other words, we
establish an expliit formula for symmetri power L-funtions. Sine the
proof is lassial, we refer to [18, 4℄ or [9, 2.2℄ whih present a method that
has just to be adapted to our setting.
2
We refer to Miller [25℄ and Omar [27℄ for works related to the rst zero.
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Proposition 3.8 Let r > 1 and f ∈ H∗κ(q) for whih hypothesis Nice(r, f)
holds and let Φ ∈ Sν(R). We have
D1,q[Φ; r](f) = E[Φ; r]+P
1
q [Φ; r](f)+
r−1∑
m=0
(−1)mP 2q [Φ; r,m](f)+O
(
1
log (qr)
)
where
E[Φ; r] := Φ̂(0) +
(−1)r+1
2
Φ(0),
P 1q [Φ; r](f) := −
2
log (qr)
∑
p∈P
p∤q
λf (p
r)
log p√
p
Φ̂
(
log p
log (qr)
)
,
P 2q [Φ; r,m](f) := −
2
log (qr)
∑
p∈P
p∤q
λf
(
p2(r−m)
) log p
p
Φ̂
(
2 log p
log (qr)
)
for any integer m ∈ {0, . . . , r − 1}.
3.3. Contribution of the old forms. In this short setion, we prove the
following useful lemmas.
Lemma 3.9 Let p1 and p2 6= q be some prime numbers and a1, a2, a be
some nonnegative integers. Then∑
ℓ|q∞
∆1(ℓ
2pa11 , p
a2
2 q
a)
ℓ
≪ 1
qa/2
the implied onstant depending only on a1 and a2.
Proof. Using proposition 2.1 and the fat that Hκ(1) = H
∗
κ(1), we write
∆1(ℓ
2pa11 , p
a2
2 q
a) =
∑h
f∈H∗κ(1)
λf (ℓ
2pa11 )λf (p
a2
2 q
a) (3.13)
≪
∑h
f∈H∗κ(1)
|λf (ℓ2pa11 )| · |λf (pa22 )| · |λf (qa)|. (3.14)
By Deligne's bound (2.3) we have
|λf (ℓ2pa11 )| · |λf (pa22 )| 6 τ(ℓ2pa11 )τ(pa22 ) 6 (a1 + 1)(a2 + 2)τ(ℓ2). (3.15)
By the multipliativity relation (2.4) and the value of the sign of the fun-
tional equation (2.15), we have
|λf (qa)| ≪ 1
qa/2
. (3.16)
We obtain the result by reporting (3.16) and (3.15) in (3.14) and by using
(2.16) and ∑
ℓ|q∞
τ(ℓ2)
ℓ
=
1 + 1/q
(1− 1/q)2 ≪ 1.

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Lemma 3.10 Let m,n > 1 be some oprime integers. Then,
∆q(m,n)− δ(m,n)≪

(mn)1/4
q log
(
mn
q2
)
if mn > q2
(mn)(κ−1)/2
qκ−1/2
6
(mn)1/4
q if mn 6 q
2
.
Proof. This is a diret onsequene of the Weil-Estermann bound (A.6) and
lemma A.1. 
Corollary 3.11 For any prime number q, we have
√
q
∑h
f∈H∗κ(q)
λf (q)≪ 1
qδκ
where
δκ :=
{
κ−1
2 if κ 6 10 or κ = 14
5
2 otherwise.
Proof of orollary 3.11. Let K = {κ ∈ 2N : 2 6 κ 6 14, κ 6= 12}. By propo-
sition 2.2, we have∑h
f∈H∗κ(q)
λf (q) = ∆q(1, q)− δ(κ /∈ K)
qν(q)
∑
ℓ|q∞
∆1(ℓ
2, q)
ℓ
. (3.17)
The term δ(κ /∈ K) omes from proposition 2.1 with the fat that there is no
usp forms of weight κ ∈ K and level 1. Lemma 3.10 gives
∆q(1, q)≪ 1
qκ/2
(3.18)
and lemma 3.9 gives ∑
ℓ|q∞
∆1(ℓ
2, q)
ℓ
≪ 1√
q
. (3.19)
Sine ν(q) > q, the result follows from reporting (3.18) and (3.19) in (3.17).

Remark 3.12 In a very similar fashion, one an prove that
µhq (H
∗
κ(q)) = E
h
q(1) = 1 +O
(
1
qγκ
)
. (3.20)
where
γκ :=
{
κ− 12 if κ 6 10 or κ = 14
1 otherwise.
Corollary 3.11, (3.20) and (2.18) imply
Eh,εq (1) = 1 +O
(
1
qβκ
)
(3.21)
where
βκ :=
{
κ−1
2 if κ 6 10 or κ = 14
1 otherwise.
A diret onsequene of lemma 3.9 is the following one.
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Lemma 3.13 Let α1, α2, β1, β2, γ1, γ2, w be some nonnegative real numbers.
Let Φ1 and Φ2 be in Sν(R). Then,∑
p1∈P
p1∤q
∑
p2∈P
p2∤q
log p1
pα11
log p2
pα22
Φ̂1
(
log p1
log (qβ1)
)
Φ̂2
(
log p2
log (qβ2)
)∑
ℓ|q∞
∆1(ℓ
2pγ11 , p
γ2
2 q
w)
ℓ
≪ qδν−w/2+ε
with δ given in table 1.
4. Linear statistis for low-lying zeros
4.1. Density results for families of L-funtions. We briey reall some
well-known features that an be found in [18℄. Let F be a family of L-
funtions indexed by the arithmeti ondutor namely
F =
⋃
Q>1
F(Q)
where the arithmeti ondutor of any L-funtion in F(Q) is of order Q in
the logarithmi sale. It is expeted that there is a symmetry group G(F)
of matries of large rank endowed with a probability measure whih an
be assoiated to F suh that the low-lying zeros of the L-funtions in F
namely the non-trivial zeros of height less than 1/ logQ are distributed like
the eigenvalues of the matries in G(F). In other words, there should exist
a symmetry group G(F) suh that for any ν > 0 and any Φ ∈ Sν(R),
lim
Q→+∞
1
F(Q)
∑
π∈F(Q)
∑
06βπ61
γπ∈R
L(π,βπ+iγπ)=0
Φ
(
logQ
2iπ
(
βπ − 1
2
+ iγπ
))
=
∫
R
Φ(x)W1(G(F))(x) dx
where W1(G(F)) is the one-level density of the eigenvalues of G(F). In this
ase, F is said to be of symmetry type G(F) and we said that we proved
a density result for F . For instane, the following densities are determined
in [19℄:
W1(SO(even))(x) = 1 +
sin (2πx)
2πx
,
W1(O)(x) = 1 +
1
2
δ0(x),
W1(SO(odd))(x) = 1− sin (2πx)
2πx
+ δ0(x),
W1(Sp)(x) = 1− sin (2πx)
2πx
where δ0 is the Dira distribution at 0. Aording to Planherel's formula,∫
R
Φ(x)W1(G(F))(x) dx =
∫
R
Φ̂(x)Ŵ1(G(F))(x) dx
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and we an hek that
Ŵ1(SO(even))(x) = δ0(x) +
1
2
η(x),
Ŵ1(O)(x) = δ0(x) +
1
2
,
Ŵ1(SO(odd))(x) = δ0(x)− 1
2
η(x) + 1,
Ŵ1(Sp)(x) = δ0(x)− 1
2
η(x)
where
η(x) :=

1 if |x| < 1,
1
2 if x = ±1,
0 otherwise.
As a onsequene, if we an only prove a density result for ν 6 1, the three
orthogonal densities are indistinguishable although they are distinguishable
from Sp. Thus, the hallenge is to pass the natural barrier ν = 1.
4.2. Asymptoti expetation of the one-level density. The aim of this
part is to prove a density result for the family
Fr :=
⋃
q∈P
{L(Symr f, s), f ∈ H∗κ(q)}
for any r > 1 whih onsists in proving the existene and omputing the
asymptoti expetation Eh∞ (D1[Φ; r]) of D1[Φ; r] := (D1,q[Φ; r])q∈P for any
r > 1 and for Φ in Sν(R) with ν > 0 as large as possible in order to be able
to distinguish between the three orthogonal densities if r is small enough.
Reall that E[Φ; r] has been dened in proposition 3.8.
Theorem 4.1 Let r > 1 and Φ ∈ Sν(R). We assume that hypothesis
Nice(r, f) holds for any prime number q and any f ∈ H∗κ(q) and also that θ
is admissible. Let
ν1,max(r, κ, θ) :=
(
1− 1
2(κ − 2θ)
)
2
r2
.
If ν < ν1,max(r, κ, θ) then
Eh∞ (D1[Φ; r]) = E[Φ; r].
Remark 4.2 We remark that
ν1,max(r, κ, θ0) =
(
1− 16
32κ− 7
)
2
r2
>
82
57r2
, (4.1)
ν1,max(r, κ, 0) =
(
1− 1
2κ
)
2
r2
>
3
2r2
(4.2)
and thus ν1,max(1, κ, θ0) > 1 whereas ν1,max(r, κ, θ0) 6 1 for any r > 2.
Remark 4.3 Note that
E[Φ; r] =
∫
R
Φ̂(x)
(
δ0(x) +
(−1)r+1
2
)
dx.
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Thus, this theorem reveals that the symmetry type of Fr is
G(Fr) =

Sp if r is even,
O if r = 1,
SO(even) or O or SO(odd) if r > 3 is odd.
Some additional omments are given in remark 4 page 5.
Proof of theorem 4.1. The proof is detailed and will be a model for the next
density results. Aording to proposition 3.8 and (3.20) , we have
Ehq (D1,q[Φ; r]) = E[Φ; r] + E
h
q
(
P 1q [Φ; r]
)
+
r−1∑
m=0
(−1)m Ehq
(
P 2q [Φ; r,m]
)
+O
(
1
log (qr)
)
. (4.3)
The rst term in (4.3) is the main term given in the theorem. We now
estimate the seond term of (4.3) via the trae formula given in proposition
2.2.
Ehq
(
P 1q [Φ; r]
)
= P1q,new[Φ; r] + P
1
q,old[Φ; r] (4.4)
where
P1q,new[Φ; r] = −
2
log (qr)
∑
p∈P
p∤q
∆q(p
r, 1)
log p√
p
Φ̂
(
log p
log (qr)
)
,
P1q,old[Φ; r] =
2
q log (qr)
∑
ℓ|q∞
1
ℓ
∑
p∈P
p∤q
∆1(p
rℓ2, 1)
log p√
p
Φ̂
(
log p
log (qr)
)
.
Let us estimate the new part whih an be written as
P1q,new[Φ; r] = −
2(2πiκ)
log (qr)
∑
c>1
q|c
∑
p∈P
(
log p√
p
δq∤p 1[1,qrν ](p)
)
S(pr, 1; c)
c
× Jκ−1
(
4π
√
pr
c
)
Φ̂
(
log p
log (qr)
)
.
Thanks to (A.3), the funtion
h(m; c) := Jκ−1
(
4π
√
m
c
)
satises hypothesis P(T ;M, 1, C) with
T (M, 1, C) =
(
1 +
√
M
C
)1/2−κ(√
M
C
)κ−1
.
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Hene, if ν 6 2/r2 then orollary 3.5 leads to
P1q,new[Φ; r]≪ε qε
∑♯
16M6qνr
2
C>q/2
(
1 +
√
M
q
)(√
M
C
)κ−1−2θ
(4.5)
≪ε qε
∑♯
16M6qνr2
(
M
κ−1
2
−θ
qκ−1−2θ
+
M
κ
2
−θ
qκ−
1
2
−2θ
)
(4.6)
thanks to (A.2). Summing over M via (A.1) leads to
P1q,new[Φ; r]≪ε q(
κ−1
2
−θ)(r2ν−2)+ε + q(
κ
2
−θ)r2ν−(κ− 12−2θ)+ε
(4.7)
whih is an admissible error term if ν < ν1,max(r, κ, θ). Aording to lemma
3.13 (with α2 = +∞) we have
P1q,old[Φ; r]≪ε q
rν
2
−1+ε
(4.8)
whih is an admissible error term if ν < 2/r. Reporting (4.7) and (4.8) in
(4.4) we obtain
Ehq
(
P 1q [Φ; r]
)≪ 1
qδ1
(4.9)
for some δ1 > 0 (depending on ν and r) as soon as ν < ν1,max(r, κ, θ). We
now estimate the third term of (4.3). If 0 6 m 6 r−1 then the trae formula
given in proposition 2.2 implies that
Ehq
(
P 2q [Φ; r,m]
)
= P2q,new[Φ; r,m] + P
2
q,old[Φ; r,m] (4.10)
where
P2q,new[Φ; r,m] = −
2
log (qr)
∑
p∈P
p∤q
∆q
(
p2(r−m), 1
) log p
p
Φ̂
(
log
(
p2
)
log (qr)
)
,
P2q,old[Φ; r,m] =
2
q log (qr)
∑
ℓ|q∞
1
ℓ
∑
p∈P
p∤q
∆1
(
p2(r−m)ℓ2, 1
) log p
p
Φ̂
(
log
(
p2
)
log (qr)
)
.
Let us estimate the new part whih an be written as
P2q,new[Φ; r,m] = −
2(2πiκ)
log (qr)
∑
c>1
q|c
∑
p∈P
(
log p√
p
δq∤p 1
h
1,q
rν
2
i(p)
)
S
(
p2(r−m), 1; c
)
c
× 1√
p
Jκ−1
(
4π
√
p2(r−m)
c
)
Φ̂
(
log p
log qr/2
)
.
The funtion
h(m, c) := Jκ−1
(
4π
√
m
c
)
× 1
m1/(4(r−m))
satises hypothesis P(T ;M, 1, C) with
T (M, 1, C) =
(
1 +
√
M
C
)1/2−κ(√
M
C
)κ−1
1
M1/(4(r−m))
.
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Hene, if ν 6 2/r2 then orollary 3.5 leads to
P2q,new[Φ; r,m]≪ε qε
∑♯
M6qνr(r−m)
C>q/2
1
(M)1/(4r−4m)
(√
M
C
)κ−1−2θ(
1 +
√
M
q
)
.
This is smaller than the bound given in (4.5) and hene is an admissible
error term if ν < ν1,max(r, κ, θ). Aording to lemma 3.13, we have
P2q,old[Φ; r]≪ε q−1+ε. (4.11)
We obtain
Ehq
(
P 2q [Φ; r,m]
)≪ 1
qδ2
(4.12)
for some δ2 > 0 (depending on ν and r) as soon as ν < ν1,max(r, κ, θ). Finally,
reporting (4.12) and (4.9) in (4.3), we get
Ehq (D1,q[Φ; r]) = E[Φ; r] +O
(
1
log q
)
. (4.13)

4.3. Signed asymptoti expetation of the one-level density. In this
part, we prove some density results for subfamilies of Fr on whih the sign of
the funtional equation remains onstant. The two subfamilies are dened
by
Fεr :=
⋃
q∈P
{L(Symr f, s), f ∈ Hεκ(q)} .
Indeed, we ompute the asymptoti expetation Eh,ε∞ (D1[Φ; r]).
Theorem 4.4 Let r > 1 be an odd integer, ε = ±1 and Φ ∈ Sν(R). We
assume that hypothesis Nice(r, f) holds for any prime number q and any
f ∈ H∗κ(q) and also that θ is admissible. Let
νε1,max(r, κ, θ) := inf
(
ν1,max(r, κ, θ),
3
r(r + 2)
)
.
If ν < νε1,max(r, κ, θ) then
Eh,ε∞ (D1[Φ; r]) = E[Φ; r].
Some omments are given in remark 5 page 5.
Proof of theorem 4.4. By (2.18), we have
Eh,εq (D1,q[Φ; r]) = E
h
q (D1,q[Φ; r])−ε×ε(k, r)
√
q Ehq (λ.(q)D1,q[Φ; r]) . (4.14)
The rst term is the main term of the theorem thanks to theorem 4.1. A-
ording to proposition 3.8 and orollary 3.11, the seond term (without the
epsilon fators) is given by
√
q Ehq
(
λ.(q)P
1
q [Φ; r]
)
+
√
q
r−1∑
m=0
(−1)m Ehq
(
λ.(q)P
2
q [Φ; r,m]
)
+O
(
1
log (qr)
)
. (4.15)
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Let us fous on the rst term in (4.15) knowing that the same disussion
holds for the seond term with even better results on ν. We have
√
q Ehq
(
λ.(q)P
1
q [Φ; r]
)
=
√
q P1q,new[Φ; r] +
√
q P1q,old[Φ; r] (4.16)
where
P1q,new[Φ; r] = −
2
log (qr)
∑
p∈P
p∤q
∆q (p
rq, 1)
log p√
p
Φ̂
(
log p
log (qr)
)
,
P1q,old[Φ; r] =
2
qν(q) log (qr)
∑
ℓ|q∞
1
ℓ
∑
p∈P
p∤q
∆1
(
prℓ2, q
) log p√
p
Φ̂
(
log p
log (qr)
)
.
Lemma 3.13 implies
√
q P1q,old[Φ; r]≪ q(νr−4)/2 (4.17)
whih is an admissible error term if ν < 4/r. The new part is given by
P1q,new[Φ; r] = −
2(2πiκ)
log (qr)
∑
c>1
q|c
∑
p∈P
q∤p
log p√
p
S (prq, 1; c)
c
Jκ−1
(
4π
√
prq
c
)
Φ̂
(
log (p)
log (qr)
)
.
and an be written as
−2(2πi
κ)
log (qr)
∑
c>1
q|c
∑
m>1
âm
S(m, 1; c)
c
Jκ−1
(
4π
√
m
c
)
Φ̂
(
log (m/q)
log (qr2)
)
where
âm := 1[1,q1+νr2 ]
{
0 if q ∤ m or m 6= prq for some p 6= q in P ,
log p√
p if m = p
rq for some p 6= q in P.
Thus, if ν 6 1/r2 then we obtain
P1q,new[Φ; r,m]≪ε qε
∑♯
M6q1+νr
2
C>q/2
(√
M
C
)κ−1−2θ(
1 +
√
M
q
)
as in the proof of orollary 3.5. Summing over C via (A.2) gives
P1q,new[Φ; r,m]≪ε qε
∑♯
M6q1+r2ν
(
M
κ−1
2
−θ
qκ−1−2θ
+
M
κ
2
−θ
qκ−
1
2
−2θ
)
.
Summing over M via (A.1) leads to
P1q,new[Φ; r,m]≪ε q(
κ−1
2
−θ)r2ν−(κ−12 −θ)+ε + q(
κ
2
−θ)r2ν−(κ−12 −θ)+ε
(4.18)
whih is an admissible error term if ν < 1r2
(
1− 1κ−2θ
)
. 
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5. Quadrati statistis for low-lying zeros
5.1. Asymptoti expetation of the two-level density and asymp-
toti variane.
Denition 5.1 Let f ∈ H∗κ(q) and Φ1, Φ2 in Sν(R). The two-level density
(relatively to Φ1 and Φ2) of Sym
r f is
D2,q[Φ1,Φ2; r](f) :=
∑
(j1,j2)∈E(f,r)2
j1 6=±j2
Φ1
(
ρ̂
(j1)
f,r
)
Φ2
(
ρ̂
(j2)
f,r
)
.
Remark 5.2 In this denition, it is important to note that the ondition
j1 6= j2 does not imply that ρ̂(j1)f,r 6= ρ̂(j2)f,r . It only implies this if the zeros
are simple. Reall however that some L-funtions of ellipti urves (hene of
modular forms) have multiple zeros at the ritial point [3, 24℄.
The following lemma is an immediate onsequene of denition 5.1.
Lemma 5.3 Let f ∈ H∗κ(q) and Φ1, Φ2 in Sν(R). Then,
D2,q[Φ1,Φ2; r](f) = D1,q[Φ1; r](f)D1,q[Φ2; r](f)− 2D1,q[Φ1Φ2; r](f)
+ 1H−1κ (q)(f)× Φ1(0)Φ2(0).
We rst evaluate the produt of one-level statistis on average.
Lemma 5.4 Let r > 1. Let Φ1 and Φ2 in Sν(R). We assume that hypothesis
Nice(r, f) holds for any prime number q and any f ∈ H∗κ(q) and also that θ
is admissible. If ν < 1/r2 then
Eh∞ (D1[Φ1; r]D1[Φ2; r]) = E[Φ1; r]E[Φ2; r] + 2
∫
R
|u|Φ̂1(u)Φ̂2(u) du.
Remark 5.5 Sine theorem 4.1 implies that
Eh∞ (D1[Φ1; r]D1[Φ2; r])− E[Φ1; r]E[Φ2; r] =
Eh∞ (D1[Φ1; r]D1[Φ2; r])− Eh∞ (D1[Φ1; r])Eh∞ (D1[Φ2; r]) ,
lemma 5.4 reveals that the term
Ch∞ (D1[Φ1; r],D1[Φ2; r]) := 2
∫
R
|u|Φ̂1(u)Φ̂2(u) du
measures the dependene between D1[Φ1; r] and D1[Φ2; r]. This term is
the asymptoti ovariane of D1[Φ1; r] and D1[Φ2; r]. In partiular, taking
Φ1 = Φ2, we obtain the asymptoti variane.
Theorem 5.6 Let Φ ∈ Sν(R). If ν < 1/r2 then the asymptoti variane of
the random variable D1,q[Φ; r] is
Vh∞ (D1[Φ; r]) = 2
∫
R
|u|Φ̂2(u) du.
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Proof of lemma 5.4. From proposition 3.8, we obtain
Ehq (D1,q[Φ1; r]D1,q[Φ2; r]) = E[Φ1; r]E[Φ2; r] +C
h
q
+
∑
(i,j)∈{1,2}2
i 6=j
r−1∑
m=0
(−1)m Ehq
(
P 1q [Φi; r]P
2
q [Φj; r,m]
)
+
r−1∑
m1=0
r−1∑
m2=0
(−1)m1+m2 Ehq
(
P 2q [Φ1; r,m1]P
2
q [Φ2; r,m2]
)
+O
(
1
log (qr)
)
(5.1)
with
Chq := E
h
q
(
P 1q [Φ1; r]P
1
q [Φ2; r]
)
.
The error term is evaluated by use of theorem 4.1 and equations (2.16),
(4.9) and (4.12). We rst ompute Chq . Using proposition 2.2, we ompute
Chq = E
n − 4Eo with
En :=
4
log2 (qr)
∑
p1∈P
p1∤q
∑
p2∈P
p2∤q
log p1√
p1
log p2√
p2
Φ̂1
(
log p1
log (qr)
)
Φ̂2
(
log p2
log (qr)
)
∆q(p
r
1, p
r
2)
and
Eo :=
1
q log2 (qr)
×
∑
p1∈P
p1∤q
∑
p2∈P
p2∤q
log p1√
p1
log p2√
p2
Φ̂1
(
log p1
log (qr)
)
Φ̂2
(
log p2
log (qr)
)∑
ℓ|q∞
∆1(ℓ
2pr1, p
r
2)
ℓ
.
By denition of the ∆-symbol, we write En = Enp +
8πiκ
log2 (qr)
Ene with
Enp :=
4
log2 (qr)
∑
p∈P
p∤q
log2 p
p
(
Φ̂1Φ̂2
)( log p
log (qr)
)
and
Ene :=
∑
c>1
q|c
∑
p1∈P
p1∤q
∑
p2∈P
p2∤q
log p1√
p1
log p2√
p2
Φ̂1
(
log p1
log (qr)
)
Φ̂2
(
log p2
log (qr)
)
× S(p
r
1, p
r
2; c)
c
Jκ−1
(
4π
√
pr1p
r
2
c
)
.
We remove the ondition p ∤ q from Enp at an admissible ost and obtain,
after integration by parts,
Enp = 2
∫
R
|u|Φ̂1(u)Φ̂2(u) du+O
(
1
log2 (qr)
)
. (5.2)
Using orollary 3.5, we get
Ene ≪
1
log2 (qr)
(5.3)
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as soon as ν 6 1/r2. Finally, using lemma 3.13, we see that Eo is an
admissible error term for ν < 1/r so that equations (5.2) and (5.3) lead to
Chq = 2
∫
R
|u|Φ̂1(u)Φ̂2(u) du+O
(
1
log2 (qr)
)
. (5.4)
Let {i, j} = {1, 2}. We prove next that eah Ehq
(
P 1q [Φi; r]P
2
q [Φj; r,m]
)
is an
error term when ν < 1/r2. Using proposition 2.2 and lemma 3.13 we have
Ehq
(
P 1q [Φi; r]P
2
q [Φj; r,m]
)
=
8πiκ
log2 (qr)
∑
c>1
q|c
∑
p1∈P
p1∤q
∑
p2∈P
p2∤q
log p1√
p1
log p2
p2
Φ̂i
(
log p1
log (qr)
)
×Φ̂j
(
log p2
log
(
qr/2
)) S(pr1, p2r−2m2 ; c)
c
Jκ−1
4π
√
pr1p
2r−2m
2
c
+O( 1
log (qr)
)2
.
We use orollary 3.5 to onlude that
Ehq
(
P 1q [Φi; r]P
2
q [Φj; r,m]
)≪ 1
log q
(5.5)
when ν < 1/r2. Finally, Ehq
(
P 2q [Φ1; r,m1]P
2
q [Φ2; r,m2]
)
is shown to be an
error term in the same way. 
Using lemmas 5.3 and 5.4, theorem 4.1, hypothesis Nice(r, f) and re-
mark 3.12, we prove the following theorem.
Theorem 5.7 Let r > 1. Let Φ1 and Φ2 in Sν(R). We assume that hypoth-
esis Nice(r, f) holds for any prime number q and any f ∈ H∗κ(q) and also
that θ is admissible. If ν < ν2,max(r, κ, θ) then
Eh∞ (D2[Φ1,Φ2; r]) =
[
Φ̂1(0) +
(−1)r+1
2
Φ1(0)
] [
Φ̂2(0) +
(−1)r+1
2
Φ2(0)
]
+ 2
∫
R
|u|Φ̂1(u)Φ̂2(u) du− 2Φ̂1Φ2(0) +
(
(−1)r + 12N+1(r)
2
)
Φ1(0)Φ2(0).
Some omments are given in remark 6 page 7.
5.2. Signed asymptoti expetation of the two-level density and
signed asymptoti variane. In this part, r is odd.
Lemma 5.8 Let Φ1 and Φ2 in Sν(R). If ν < 1/(2r2) then
Eh,ε∞ (D1[Φ1; r]D1[Φ2; r]) = E[Φ1; r]E[Φ2; r] + 2
∫
R
|u|Φ̂1(u)Φ̂2(u) du.
Remark 5.9 By theorem 4.4 and lemma 5.8 we have
Eh,ε∞ (D1[Φ1; r]D1[Φ2; r])− E[Φ1; r]E[Φ2; r] =
Eh,ε∞ (D1[Φ1; r]D1[Φ2; r])− Eh,ε∞ (D1[Φ1; r])Eh,ε∞ (D1[Φ2; r]) .
Thus,
Ch,ε∞ (D1[Φ1; r],D1[Φ2; r]) := 2
∫
R
|u|Φ̂1(u)Φ̂2(u) du
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is the signed asymptoti ovariane of D1[Φ1; r] and D1[Φ2; r]. In partiular,
taking Φ1 = Φ2, we obtain the signed asymptoti variane.
Theorem 5.10 Let Φ ∈ Sν(R). If ν < 1/(2r2) then the signed asymptoti
variane of D1[Φ; r] is
Vh,ε∞ (D1[Φ; r]) = 2
∫
R
|u|Φ̂2(u) du.
Proof of lemma 5.8. From proposition 3.8 and (3.21), we obtain
Eh,εq (D1,q[Φ1; r]D1,q[Φ2; r]) = E[Φ1; r]E[Φ2; r] + C
h,ε
q
+
∑
(i,j)∈{1,2}2
i 6=j
r−1∑
m=0
(−1)m Eh,εq
(
P 1q [Φi; r]P
2
q [Φj; r,m]
)
+
r−1∑
m1=0
r−1∑
m2=0
(−1)m1+m2 Eh,εq
(
P 2q [Φ1; r,m1]P
2
q [Φ2; r,m2]
)
+O
(
1
log (qr)
)
(5.6)
with
Ch,εq := E
h,ε
q
(
P 1q [Φ1; r]P
1
q [Φ2; r]
)
.
Assume that ν < 1/r2. Then equations (2.18), (5.4) and proposition 2.2 lead
to
Ch,εq = 2
∫
R
|u|Φ̂1(u)Φ̂2(u) du− ε× ε(κ, r)(Gn − 4Go) (5.7)
with
Gn :=
4
√
q
log2 (qr)
∑
p1∈P
p1∤q
∑
p2∈P
p2∤q
log p1√
p1
log p2√
p2
Φ̂1
(
log p1
log (qr)
)
Φ̂2
(
log p2
log (qr)
)
∆q (p
r
1q, p
r
2)
and
Go :=
1√
q log2 (qr)
×
∑
p1∈P
p1∤q
∑
p2∈P
p2∤q
log p1√
p1
log p2√
p2
Φ̂1
(
log p1
log (qr)
)
Φ̂2
(
log p2
log (qr)
)∑
ℓ|q∞
∆q
(
ℓ2pr1, p
r
2q
)
ℓ
.
(5.8)
Lemma 3.10 implies that if ν < 1/(2r2) then
Gn ≪ q
νr[r(κ−1)+1]/2
q(κ−1)/2
(5.9)
hene Gn is an error term as soon as ν 6 1/(2r2). Lemma 3.13 implies
Go ≪ q−3/2+νr+ε (5.10)
whih is an error term. Reporting equations (5.9) and (5.10) in (5.7) we
obtain
Ch,ε∞ = 2
∫
R
|u|Φ̂1(u)Φ̂2(u) du (5.11)
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for ν 6 1/(2r(r + 2)). Next, we prove that eah Eh,εq
(
P 1q [Φi; r]P
2
q [Φj ; r,m]
)
is an error term as soon as ν 6 1/(2r2). From equations (2.18) and (5.5),
we obtain
Eh,εq
(
P 1q [Φi; r]P
2
q [Φj ; r,m]
)
=
− ε× ε(κ, r)√q
∑h
f∈H∗κ(q)
λf (q)P
1
q [Φi; r]P
2
q [Φj; r,m] +O
(
1
log q)
)
. (5.12)
We use proposition 2.2 and lemmas 3.13 and 3.10 to have
√
q
∑h
f∈H∗κ(q)
λf (q)P
1
q [Φi; r]P
2
q [Φj; r,m]≪
qνr(2r−m+2)/4−1/4
log2 q
+
q(νr−1)/2+ε
log q
. (5.13)
It follows from (5.13) and (5.12) that
Eh,ε∞
(
P 1q [Φi; r]P
2
q [Φj ; r,m]
)
= 0 (5.14)
for ν 6 1/(2r(r+1)). In the same way, we have, for ν in the previous range,
Eh,ε∞
(
P 2q [Φ1; r,m1]P
2
q [Φ2; r,m2]
)
= 0. (5.15)
Reporting (5.11), (5.14) and (5.15) in (5.6), we have the announed result.

Using lemmas 5.3, 5.8, theorem 4.4, hypothesis Nice(r, f) and (3.21), we
prove the following theorem.
Theorem 5.11 Let f ∈ H∗κ(q) and Φ1, Φ2 in Sν(R). If ν < 1/(2r(r + 1))
then
Eh,ε∞ (D2[Φ1,Φ2; r]) =
[
Φ̂1(0) +
1
2
Φ1(0)
] [
Φ̂2(0) +
1
2
Φ2(0)
]
+ 2
∫
R
|u|Φ̂1(u)Φ̂2(u) du− 2Φ̂1Φ2(0)− Φ1(0)Φ2(0)
+ 1{−1}(ε)Φ1(0)Φ2(0).
Remark 5.12 Remark 4.3 together with theorem 5.11 and a result of Katz
& Sarnak (see [19, Theorem A.D.2.2℄ or [26, Theorem 3.2℄) imply that the
symmetry type of Fεr is as in table 2. Some additional omments are given
in remark 2 page 3.
6. First asymptoti moments of the one-level density
In this setion, we ompute the asymptoti m-th moment of the one level
density namely
Mh∞,m (D1,q[Φ; r]) := lim
q∈P
q→+∞
Mhq,m (D1,q[Φ; r])
where
Mhq,m (D1,q[Φ; r]) = E
h
q
((
D1,q[Φ; r]− Ehq (D1,q[Φ; r])
)m)
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for m small enough (regarding to the size of the support of Φ). The end of
this setion is devoted to the proof of theorem E. Note that we an assume
that m > 3 sine the work has already been done for m = 1 and m = 2.
Thanks to equation (4.13) and proposition 3.8, we have
Mhq,m (D1,q[Φ; r]) =
m∑
ℓ=0
(
m
ℓ
)
Ehq
(
P 1q [Φ; r]
m−ℓ
(
P 2q [Φ; r] +O
(
1
log q
))ℓ)
(6.1)
(6.2)
=
∑
06ℓ6m
06α6ℓ
(
m
ℓ
)(
ℓ
α
)
R(q)ℓ−α Ehq
(
P 1q [Φ; r]
m−ℓP 2q [Φ; r]
α
)
(6.3)
where
P 2q [Φ; r](f) := −
2
log(qr)
r−1∑
j=0
(−1)j
∑
p∈P
p∤q
λf
(
p2(r−j)
) log p
p
Φ̂
(
2 log p
log(qr)
)
(6.4)
= − 2
log(qr)
r∑
j=1
(−1)r−j
∑
p∈P
p∤q
λf
(
p2j
) log p
p
Φ̂
(
2 log p
log(qr)
)
(6.5)
and R is a positive funtion satisfying
R(q)≪ 1
log q
.
Thus, an asymptoti formula for Mhq,m (D1,q[Φ; r]) diretly follows from the
next proposition.
Proposition 6.1 Let r > 1 be any integer. We assume that hypothesis
Nice(r, f) holds for any prime number q and any primitive holomorphi usp
form of level q and even weight κ. Let α > 0 and ℓ > 0 be any integers.
• If α > 1 and αν < 4/r2 then
Ehq
(
P 2q [Φ; r]
α
)
= O
(
1
log q
)
.
• If 1 6 α 6 ℓ 6 m− 1 and (α+m− ℓ)ν < 4/(r(r + 2)) then
Ehq
(
P 1q [Φ; r]
m−ℓP 2q [Φ; r]
α
)
= O
(
1
log q
)
.
• If α > 1 and αν < 4/(r(r + 2)) then
Ehq
(
P 1q [Φ; r]
α
)
=
O
(
1
log2 (q)
)
if α is odd,
2
∫
R|u|Φ̂2(u) du× α!2α/2(α2 )! +O
(
1
log2 (q)
)
otherwise.
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6.1. One some useful ombinatorial identity. In order to use the mul-
tipliative properties of Heke eigenvalues in the proof of proposition 6.1, we
want to reorder some sums over many primes to sums over distint primes.
We follow the work of Hughes & Rudnik [14, 7℄ (see also [13℄ and the
work of Soshnikov [28℄) to ahieve this. Let P (α, s) be the set of surjetive
funtions
σ : {1, . . . , α}։ {1, . . . , s}
suh that for any j ∈ {1, . . . , α}, either σ(j) = 1 or there exists k < j suh
that σ(j) = σ(k) + 1. This an be viewed as the number of partitions of
a set of α elements into s nonempty subsets. By denition, the ardinality
of P (α, s) is the Stirling number of seond kind [29, 1.4℄. For any j ∈
{1, . . . , s}, let
̟
(σ)
j := #σ
−1({j}).
Note that
̟
(σ)
j > 1 for any 1 6 j 6 s and
s∑
j=1
̟
(σ)
j = α. (6.6)
The following lemma is lemma 7.3 of [14, 7℄.
Lemma 6.2 If g is any funtion of m variables then
∑
j1,...,jm
g (xj1 , . . . , xjm) =
m∑
s=1
∑
σ∈P (m,s)
∑
i1,...,is
distint
g
(
xiσ(1) , . . . , xiσ(m)
)
.
6.2. Proof of the rst bullet of proposition 6.1. By the denition (6.5),
we have
Ehq
(
P 2q [Φ; r]
α
)
=
(−2)α
logα (qr)
∑
16j1,...,jα6r
(−1)αr−(j1+...+jα)
×
∑
p1,...,pα∈P
q∤p1...pα
(
α∏
i=1
log pi
pi
Φ̂
(
2 log pi
log(qr)
))
Ehq
(
α∏
i=1
λf
(
p2jii
))
. (6.7)
Writing {p̂i}i>1 for the inreasing sequene of prime numbers exept q, we
have
∑
p1,...,pα∈P
q∤p1...pα
(
α∏
i=1
log pi
pi
Φ̂
(
2 log pi
log(qr)
))
Ehq
(
α∏
i=1
λf
(
p2jii
))
=
∑
i1,...,iα
(
α∏
ℓ=1
log p̂iℓ
p̂iℓ
Φ̂
(
2 log p̂iℓ
log(qr)
))
Ehq
(
α∏
ℓ=1
λf
(
p̂2jℓiℓ
))
. (6.8)
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Using lemma 6.2, we rewrite the right sum in (6.8) as
α∑
s=1
∑
σ∈P (α,s)
∑
k1,...,ks
distint
(
α∏
i=1
log p̂kσ(i)
p̂kσ(i)
Φ̂
(
2 log p̂kσ(i)
log(qr)
))
Ehq
(
α∏
i=1
λf
(
p̂2jikσ(i)
))
=
α∑
s=1
∑
σ∈P (α,s)
∑
k1,...,ks
distint
 s∏
u=1
(
log p̂ku
p̂ku
Φ̂
(
2 log p̂ku
log(qr)
))̟(σ)u Ehq
 ∏
16u6s
16j6r
λf
(
p̂2jku
)̟(σ)u,j

(6.9)
where
̟
(σ)
u,j := #{1 6 i 6 α, σ(i) = u, ji = j}
for any 1 6 u 6 s and any 1 6 j 6 r. Now, we show that
α−1∑
s=1
∑
σ∈P (α,s)
∑
k1,...,ks
distint
 s∏
u=1
(
log p̂ku
p̂ku
Φ̂
(
2 log p̂ku
log(qr)
))̟(σ)u Ehq
 ∏
16u6s
16j6r
λf
(
p̂2jku
)̟(σ)u,j

≪ logα−1 (q). (6.10)
For s < α and σ ∈ P (α, s), we use (2.3) together with (3.20) to obtain that
the left-hand side of the previous equation is bounded by
α−1∑
s=1
∑
σ∈P (α,s)
∑
k1,...,ks
distint
s∏
u=1
(
log p̂ku
p̂ku
|Φ̂
(
2 log p̂ku
log(qr)
)
|
)̟(σ)u
. (6.11)
Sine s < α, equation (6.6) implies that ̟
(σ)
u > 1 for some 1 6 u 6 s. These
values lead to onvergent, hene bounded, sums. Let
d(σ) := #
{
1 6 u 6 s : ̟(σ)u = 1
}
∈ {0, . . . , α− 1},
then
α−1∑
s=1
∑
σ∈P (α,s)
∑
k1,...,ks
distint
s∏
u=1
(
log p̂ku
p̂ku
|Φ̂
(
2 log p̂ku
log(qr)
)
|
)̟(σ)u
≪
α−1∑
s=1
∑
σ∈P (α,s)
∑
k1,...,kd
distint
d(σ)∏
u=1
(
log p̂ku
p̂ku
|Φ̂
(
2 log p̂ku
log(qr)
)
|
)
≪ logα−1 (q). (6.12)
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We have altogether
Ehq
(
P 2q [Φ; r]
α
)
=
(−2)α
logα (qr)
∑
16j1,...,jα6r
(−1)αr−(j1+...+jα)
×
∑
k1,...,kα
distint
(
α∏
u=1
(
log p̂ku
p̂ku
Φ̂
(
2 log p̂ku
log(qr)
)))
Ehq
(
λf
(
α∏
u=1
p̂2juku
))
+O
(
1
log q
)
(6.13)
sine the only element of P (α,α) is the identity funtion. By lemmas 3.9
and 3.10, we have
Ehq
(
λf
(
α∏
u=1
p̂2juku
))
≪ 1
q
α∏
u=1
p̂
ju/2
ku
log p̂ku
hene the rst term in the right-hand side of (6.13) is bounded by a negative
power of q as soon as ανr2 < 4.
6.3. Proof of the third bullet of proposition 6.1. By proposition 3.8,
we have
Ehq (P
1
q [Φ; r]
α) =
(−2)α
logα (qr)
∑
p1,...,pα∈P
p1,...,pα∤q
(
α∏
i=1
log pi√
pi
Φ̂
(
log pi
log qr
))
Ehq
(
α∏
i=1
λf (p
r
i )
)
.
(6.14)
Using lemma 6.2, we rewrite equation (6.14) as
Ehq (P
1
q [Φ; r]
α) =
(−2)α
logα (qr)
α∑
s=1
∑
σ∈P (α,s)
∑
i1,...,is
distint
 α∏
j=1
 log p̂iσ(j)√
p̂iσ(j)
Φ̂
(
log p̂iσ(j)
log (qr)
)
(6.15)
× Ehq
 α∏
j=1
λf
(
p̂riσ(j)
)
(6.16)
=
(−2)α
logα (qr)
α∑
s=1
∑
σ∈P (α,s)
∑
i1,...,is
distint
 s∏
u=1
(
log p̂iu√
p̂iu
Φ̂
(
log p̂iu
log qr
))̟(σ)u 
(6.17)
× Ehq
(
s∏
u=1
λf
(
p̂riu
)̟(σ)u ) .
(6.18)
It follows from (2.11) and (2.12) that
λf
(
p̂riu
)̟(σ)u = r̟(σ)u∑
ju=0
x(̟(σ)u , r, ju)λf
(
p̂juiu
)
.
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Sine u 6= v implies that p̂iu 6= p̂iv , equation (6.18) beomes
Ehq (P
1
q [Φ; r]
α) =
(−2)α
logα (qr)
α∑
s=1
∑
σ∈P (α,s)
∑
i1,...,is
distint
 s∏
u=1
(
log p̂iu√
p̂iu
Φ̂
(
log p̂iu
log (qr)
))̟(σ)u 
×
∑
j1,...,js
06ju6r̟
(σ)
u
(
s∏
u=1
x(̟(σ)u , r, ju)
)
Ehq
(
λf
(
s∏
u=1
p̂juiu
))
. (6.19)
Using proposition 2.2 and lemmas 3.10 and 3.9, we get
Ehq
(
λf
(
s∏
u=1
p̂juiu
))
=
s∏
u=1
δju,0 +O
(
1
q
s∏
u=1
p̂
ju/4
iu
log p̂iu
)
hene
Ehq (P
1
q [Φ; r]
α) = TP+O(TE) (6.20)
with
TP :=
(−2)α
logα (qr)
α∑
s=1
∑
σ∈P (α,s)
∑
i1,...,is
distint
s∏
u=1
(
log p̂iu√
p̂iu
Φ̂
(
log p̂iu
log (qr)
))̟(σ)u
x(̟(σ)u , r, 0)
(6.21)
and
TE :=
1
q logα (qr)
α∑
s=1
∑
σ∈P (α,s)
∑
i1,...,is
distint
s∏
u=1
(
p̂
(r−2)/4
iu
log2 p̂iu |Φ̂
(
log p̂iu
log (qr)
)
|
)̟(σ)u
.
(6.22)
We have
TE =
1
q logα (qr)
∑
p∈P
p∤q
p(r−2)/4 log2 p|Φ̂
(
log p
log (qr)
)
|

α
≪ qαrν(r+2)/4−1
(6.23)
so that, TE is an error term as soon as
αrν(r + 2) < 4. (6.24)
We assume from now on that this ondition is satised. Aording to (2.14)
(reall that r > 1), we rewrite (6.21) as
TP =
(−2)α
logα (qr)
α∑
s=1
∑
σ∈P>2(α,s)
∑
i1,...,is
distint
s∏
u=1
(
log p̂iu√
p̂iu
Φ̂
(
log p̂iu
log (qr)
))̟(σ)u
x(̟(σ)u , r, 0)
(6.25)
where
P>2(α, s) :=
{
σ ∈ P (α, s) : ∀u ∈ {1, . . . , s},̟(σ)u > 2
}
.
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Moreover, if for at least one σ and at least one u (say u0) we have ̟
(σ)
u > 3,
then
∑
i1,...,is
distint
s∏
u=1
(
log p̂iu√
p̂iu
Φ̂
(
log p̂iu
log (qr)
))̟(σ)u
x(̟(σ)u , r, 0)
≪
∑
p∈P
p6qrν
log3 (p)
p3/2
 s∏
u=1
u 6=u0
 ∑
pu∈P
pu6qrν
log2 (pu)
pu

≪ (log q)2s−2. (6.26)
But, from (6.6), we dedue
2s 6
s∑
j=1
̟
(σ)
j = α
hene (log q)2s−2 ≪ (log q)α−2. Reinserting this in (6.26) and the result in
(6.25), we obtain
TP =
(−2)α
logα (qr)
α∑
s=1
∑
σ∈P 2(α,s)
∑
i1,...,is
distint
s∏
u=1
(
log p̂iu√
p̂iu
Φ̂
(
log p̂iu
log qr
))̟(σ)u
x(̟(σ)u , r, 0)
+O
(
1
log2 (q)
)
(6.27)
where
P 2(α, s) :=
{
σ ∈ P (α, s) : ∀u ∈ {1, . . . , s},̟(σ)u = 2
}
.
From (6.27), (6.23) and (6.20), we dedue
Ehq (P
1
q [Φ; r]
α) =
(−2)α
logα (qr)
α∑
s=1
∑
σ∈P 2(α,s)
∑
i1,...,is
distint
s∏
u=1
log2 (p̂iu)
p̂iu
Φ̂2
(
log p̂iu
log (qr)
)
+O
(
1
log2 (q)
)
(6.28)
sine x(2, r, 0) = 1 aording to (2.14). Note in partiular that, aording to
(6.6) the previous sum is zero if α is odd. Thus, we an assume now that α
is even and get
Ehq (P
1
q [Φ; r]
α) =
(−2)α
logα (qr)
∑
σ∈P 2(α,α/2)
∑
i1,...,iα/2
distint
α/2∏
u=1
log2 (p̂iu)
p̂iu
Φ̂2
(
log p̂iu
log (qr)
)
+O
(
1
log2 (q)
)
. (6.29)
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However, summing over all the possible (i1, . . . , iα/2) instead of the one with
distint indies reintrodues onvergent sums that enter the error term be-
ause of the 1/ logα (qr) fator. It follows that (6.29) beomes:
Ehq (P
1
q [Φ; r]
α) =
 4
log2 (qr)
∑
p∈P
log2 (p)
p
Φ̂2
(
log p
log (qr)
)α/2#P 2(α,α/2)
+O
(
1
log2 (q)
)
. (6.30)
Taking m = 2 (we already proved that the seond moment is nite, see
setion 5.1) and reinserting the result in (6.30) implies that
Ehq (P
1
q [Φ; r]
α) = Ehq (P
1
q [Φ; r]
2)#P 2(α,α/2) +O
(
1
log2 (q)
)
.
We onlude by omputing
#P 2(α,α/2) =
α!
2α/2
(
α
2
)
!
.
(see [30, Example 5.2.6 and Exerise 5.43℄).
6.4. Proof of the seond bullet of proposition 6.1. We mix the two
tehniques whih have been used to prove the rst and third bullets of propo-
sition 6.1. We get following the same lines and thanks to lemma 6.2
Ehq
(
P 1q [Φ; r]
m−ℓP 2q [Φ; r]
α
)
=
(−2)α+m−ℓ
logα+m−ℓ (qr)
∑
16j1,...,jα6r
(−1)αr−(j1+...+jα)
α+m−ℓ∑
s=1
×
∑
σ∈P (α+m−ℓ,s)
∑
i1,...,is
distint
s∏
u=1
 log̟(σ,1)u +̟(σ,2)u (p̂iu)
p̂
̟
(σ,1)
u /2+̟
(σ,2)
u
iu
Φ̂
(
log p̂iu
log(qr)
)̟(σ,1)u
Φ̂
(
2 log p̂iu
log(qr)
)̟(σ,2)u 
× Ehq
 s∏
u=1
λf (p̂riu)̟(σ,1)u r∏
j=1
λf
(
p̂2jiu
)̟(σ,2)u,j 
(6.31)
where
̟(σ,1)u := # {i ∈ {1, . . . ,m− ℓ} , σ(i) = u} ,
̟(σ,2)u := # {i ∈ {1, . . . , α} , σ(m− ℓ+ i) = u} ,
̟
(σ,2)
u,j := # {i ∈ {1, . . . , α} , σ(m− ℓ+ i) = u and ji = j}
for any 1 6 u 6 s, any 1 6 j 6 r and any σ ∈ P (α +m − ℓ, s). Note that
these numbers satisfy
s∑
u=1
(
̟(σ,1)u +̟
(σ,2)
u
)
= m− ℓ+ α (6.32)
and
r∑
j=1
̟
(σ,2)
u,j = ̟
(σ,2)
u (6.33)
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for any 1 6 u 6 r and any σ ∈ P (α + m − ℓ, s) by denition. They also
satisfy
∀σ ∈ P (α+m− ℓ, s),∀u ∈ {1, . . . , s} , ̟(σ,1)u +̟(σ,2)u > 1 (6.34)
sine any σ ∈ P (α +m− ℓ, s) is surjetive and
∀σ ∈ P (α+m− ℓ, s),∀i ∈ {1, 2} ,∃ui,σ ∈ {1, . . . , s} , ̟(σ,i)ui,σ > 1 (6.35)
sine α > 1 and m − ℓ > 1. The strategy is to estimate individually eah
term of the σ-sum. Thus, we x some integers j1, . . . , jα in {1, . . . , r}, some
integer s in {1, . . . , r} and some appliation σ in P (α+m− ℓ, s).
First ase: ∀u ∈ {1 , . . . , s} , ̟(σ,1 )u /2 +̟(σ,2 )u 6 1 .
Let us remark that if ̟
(σ,2)
u = 1 for some 1 6 u 6 s then there exists a
unique 1 6 jiu 6 r depending on σ suh that ̟
(σ,2)
u,jiu
= 1 and ̟
(σ,2)
u,j = 0 for
any 1 6 j 6= jiu 6 r aording to (6.33). Thus,
s∏
u=1
λf (p̂riu)̟(σ,1)u r∏
j=1
(
λf
(
p̂2jiu
)̟(σ,2)u,j ) = λf

∏
16u6s“
̟
(σ,1)
u ,̟
(σ,2)
u
”
=(2,0)
p̂
r̟
(σ,1)
u /2
iu

×λf

∏
16u6s“
̟
(σ,1)
u ,̟
(σ,2)
u
”
=(2,0)
p̂
r̟
(σ,1)
u /2
iu
∏
16u6s“
̟
(σ,1)
u ,̟
(σ,2)
u
”
=(1,0)
p̂r̟
(σ,1)
u
iu
∏
16u6s“
̟
(σ,1)
u ,̟
(σ,2)
u
”
=(0,1)
p̂
2jiu̟
(σ,2)
u,jiu
iu

where the two integers appearing in the right-hand side of the previous equal-
ity are dierent aording to (6.35). Consequently, proposition 2.2 and lem-
mas 3.10 and 3.9 enable us to assert that
Ehq
 s∏
u=1
λf (p̂riu)̟(σ,1)u r∏
j=1
(
λf
(
p̂2jiu
)̟(σ,2)u,j )≪ 1
q
∏
16u6s“
̟
(σ,1)
u ,̟
(σ,2)
u
”
=(2,0)
log p̂iu
p̂
−r̟(σ,1)u /4
iu
×
∏
16u6s“
̟
(σ,1)
u ,̟
(σ,2)
u
”
=(1,0)
log p̂iu
p̂
−r̟(σ,1)u /4
iu
∏
16u6s“
̟
(σ,1)
u ,̟
(σ,2)
u
”
=(0,1)
log p̂iu
p̂
−r̟(σ,2)u /2
iu
.
Note that, in this rst ase, the right hand term is
1
q
s∏
u=1
log p̂iu
p̂
−r(̟(σ,1)u /4+̟(σ,2)u /2)
iu
hene the ontribution of these σ's to Ehq
(
P 1q [Φ; r]
m−ℓP 2q [Φ; r]α
)
is bounded
by
qε
q
∑
p6qνr
1
p1/2−r/4
m−ℓ ∑
p6qνr/2
1
p1−r/2
α ≪ qνr/4[(m−ℓ)(r+2)+αr]−1+ε.
This is an admissible error term as long as νr/4[(m− ℓ)(r + 2) + αr] < 1.
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Seond ase: ∃uσ ∈ {1 , . . . , s} , ̟(σ,1 )uσ /2 +̟(σ,2 )uσ > 1 .
Aording to (2.11) and (2.12), if 1 6 u 6 s and 1 6 j 6 r then
λf
(
p̂riu
)̟(σ,1)u = r̟(σ,1)u∑
ku,1=0
x(̟(σ,1)u , r, ku,1)λf
(
p̂
ku,1
iu
)
and
λf
(
p̂2jiu
)̟(σ,2)u,j
=
j̟
(σ,2)
u,j∑
ku,j,2=0
x(̟
(σ,2)
u,j , 2j, 2ku,j,2)λf
(
p̂
2ku,j,2
iu
)
sine x(̟
(σ,2)
u,j , 2j, ku,j,2) = 0 if ku,j,2 is odd (see (2.14)). Then, one may
remark that ∏
16j6r
λf
(
p̂
2ku,j,2
iu
)
=
Ku∑
ℓu=0
yℓuλf
(
p̂2ℓuiu
)
for some integers yℓu and where Ku :=
∑
16j6r ku,j,2 for any 1 6 u 6 s. All
these fats lead to
Ehq
(
P 1q [Φ; r]
m−ℓP 2q [Φ; r]
α
)
=
(−2)α+m−ℓ(−1)αr
logα+m−ℓ (qr)
∑
16j1,...,jα6r
(−1)j1+...+jα
α+m−ℓ∑
s=1
×
∑
σ∈P (α+m−ℓ,s)
∑
i1,...,is
distint
s∏
u=1
 log̟(σ,1)u +̟(σ,2)u (p̂iu)
p̂
̟
(σ,1)
u /2+̟
(σ,2)
u
iu
Φ̂
(
log p̂iu
log(qr)
)̟(σ,1)u
Φ̂
(
2 log p̂iu
log(qr)
)̟(σ,2)u 
×
∑
06k1,16r̟
(σ,1)
1
.
.
.
06ks,16r̟
(σ,1)
s
∑
06k1,1,26̟
(σ,2)
1,1
.
.
.
06ks,1,26̟
(σ,2)
s,1
. . .
∑
06k1,r,26r̟
(σ,2)
1,r
.
.
.
06ks,r,26r̟
(σ,2)
s,r
∑
06ℓ16K1
.
.
.
06ℓs6Ks
×
s∏
u=1
x(̟(σ,1)u , r, ku,1) yℓu r∏
j=1
(
x
(
̟
(σ,2)
u,j , 2j, 2ku,j,2
))
× Ehq
(
λf
(
s∏
u=1
p̂
ku,1
iu
)
λf
(
s∏
u=1
p̂2ℓuiu
))
. (6.36)
Proposition 2.2 and lemmas 3.10 and 3.9 enable us to assert that
Ehq
(
λf
(
s∏
u=1
p̂
ku,1
iu
)
λf
(
s∏
u=1
p̂2ℓuiu
))
=
s∏
u=1
δku,1,2ℓu+O
(
1
q
s∏
u=1
p̂
ku,1/4+ℓu/2
iu
log p̂iu
)
and we an write
Ehq
(
P 1q [Φ; r]
m−ℓP 2q [Φ; r]
α
)
= TP+O(TE) (6.37)
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with
TP :=
(−2)α+m−ℓ(−1)αr
logα+m−ℓ (qr)
∑
16j1,...,jα6r
(−1)j1+...+jα
α+m−ℓ∑
s=1
×
∑
σ∈P (α+m−ℓ,s)
∑
i1,...,is
distint
s∏
u=1
 log̟(σ,1)u +̟(σ,2)u (p̂iu)
p̂
̟
(σ,1)
u /2+̟
(σ,2)
u
iu
Φ̂
(
log p̂iu
log(qr)
)̟(σ,1)u
Φ̂
(
2 log p̂iu
log(qr)
)̟(σ,2)u 
×
∑
06k1,1,26̟
(σ,2)
1,1
.
.
.
06ks,1,26̟
(σ,2)
s,1
. . .
∑
06k1,r,26r̟
(σ,2)
1,r
.
.
.
06ks,r,26r̟
(σ,2)
s,r
∑
06ℓ16rmin
“
̟
(σ,1)
1 /2,̟
(σ,2)
1
”
.
.
.
06ℓs6rmin
“
̟
(σ,1)
s /2,̟
(σ,2)
s
”
×
s∏
u=1
x(̟(σ,1)u , r, 2ℓu) yℓu r∏
j=1
(
x
(
̟
(σ,2)
u,j , 2j, 2ku,j,2
))
(6.38)
and
TE :=
1
q logα+m−ℓ (qr)
×
α+m−ℓ∑
s=1
∑
σ∈P (α+m−ℓ,s)
∑
i1,...,is
distint
s∏
u=1
log̟
(σ,1)
u +̟
(σ,2)
u +1 (p̂iu)p̂
(r/2−1)
“
̟
(σ,1)
u /2+̟
(σ,2)
u
”
iu
×
∣∣∣∣Φ̂( log p̂iulog(qr)
)∣∣∣∣̟
(σ,1)
u
∣∣∣∣Φ̂(2 log p̂iulog(qr)
)∣∣∣∣̟
(σ,2)
u
(6.39)
whih is bounded by Oε
(
q(α+m−ℓ)νr
2/4−1+ε
)
for any ε > 0 and is an admis-
sible error term if (α +m− ℓ)ν < 4/r2. Estimating TP is possible sine we
an assume that σ satises the following additional property. If ̟
(σ,2)
u = 0
for some 1 6 u 6 s then ̟
(σ,1)
u > 1. Let us assume on the ontrary that
̟
(σ,1)
u 6 1 whih entails ̟
(σ,1)
u = 1 aording to (6.34). Then,
x
(
̟(σ,1)u , r, 2ℓu
)
= x (1, r, 0) = 0
sine ℓu = 0 and aording to (2.14). Thus, the ontribution of the σ's whih
do not satisfy this last property vanishes. As a onsequene, the sum over
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the distint i1, . . . , is is bounded by∑
i1,...,is
distint
∏
16u6s“
̟
(σ,1)
u ,̟
(σ,2)
u
”
=(2,0)
(
log2 (p̂iu)
p̂iu
∣∣∣∣Φ̂( log p̂iulog(qr)
)∣∣∣∣2
)
×
∏
16u6s“
̟
(σ,1)
u ,̟
(σ,2)
u
”
=(0,1)
(
log (p̂iu)
p̂iu
∣∣∣∣Φ̂(2 log p̂iulog(qr)
)∣∣∣∣)
×
∏
16u6s
̟
(σ,1)
u /2+̟
(σ,2)
u >1
 log̟(σ,1)u +̟(σ,2)u (p̂iu)
p̂
̟
(σ,1)
u /2+̟
(σ,2)
u
iu
∣∣∣∣Φ̂( log p̂iulog(qr)
)∣∣∣∣̟
(σ,1)
u
∣∣∣∣Φ̂(2 log p̂iulog(qr)
)∣∣∣∣̟
(σ,2)
u

whih is itself bounded by O
(
logAσ (q)
)
where the exponent is given by
Aσ := 2#
{
1 6 u 6 s,̟(σ,2)u = 0 and ̟
(σ,1)
u /2 +̟
(σ,2)
u 6 1
}
+#
{
1 6 u 6 s,̟(σ,2)u = 1 and ̟
(σ,1)
u /2 +̟
(σ,2)
u 6 1
}
< m− ℓ+ α.
The last inequality follows from (see (6.32) and the additional property of
σ)
m− ℓ+ α = Aσ +
∑
16u6s
̟
(σ,1)
u /2+̟
(σ,2)
u >1
(
̟(σ,1)u +̟
(σ,2)
u
)
.
Thus, the ontribution of the TP term of these σ's to Ehq
(
P 1q [Φ; r]
m−ℓP 2q [Φ; r]α
)
is bounded by O
(
log−1 (q)
)
.
Appendix A. Analyti and arithmeti toolbox
A.1. On smooth dyadi partitions of unity. Let ψ : R+ → R be any
smooth funtion satisfying
ψ(x) =
{
0 if 0 6 x 6 1,
1 if x >
√
2
and xjψ(j)(x) ≪j 1 for any real number x > 0 and any integer j > 0. If
ρ : R+ → R is the funtion dened by
ρ(x) :=
{
ψ(x) if 0 6 x 6
√
2,
1− ψ
(
x√
2
)
otherwise
then ρ is a smooth funtion ompatly supported in [1, 2] satisfying
xjρ(j)(x)≪j 1 and
∑
a∈Z
ρ
(
x√
2
a
)
= 1
for any real number x > 0 and any integer j > 0.
If F : Rn+ → R is a funtion of n > 1 real variables then we an deompose
it in
F =
∑
a1∈Z
. . .
∑
an∈Z
FA1,··· ,An
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1
1
√
2
(a) Graph of ψ
1
1
√
2 2
(b) Graph of ρ
where Ai :=
√
2
ai
and
FA1,··· ,An(x1, · · · , xn) :=
n∏
i=1
ρAi(xi)F (x1, · · · , xn)
with ρAi(xi) := ρ (xi /Ai ) is a smooth funtion ompatly supported in
[Ai, 2Ai] satisfying x
j
iρ
(j)
Ai
(xi) ≪j 1 for any real number xi > 0 and any
integer j > 0. Let us introdue the following notation for summation over
powers of
√
2 : ∑♯
A6M6B
f(M) :=
∑
n∈N
A62n/26B
f
(
2n/2
)
.
We will use suh smooth dyadi partitions of unity several times in this
paper and we will also need these natural estimates in suh ontexts∑♯
M6M1
Mα ≪Mα1 (A.1)
for any α,M1 > 0 and ∑♯
M>M0
1
Mα
≪ 1
Mα0
(A.2)
for any α,M0 > 0.
A.2. On Bessel funtions. The Bessel funtion of rst kind and order a
integer κ > 1 is dened by
∀z ∈ C, Jκ(z) :=
∑
n>0
(−1)n
n!(κ+ n)!
(z
2
)κ+2n
.
It satises the following estimate (founded in [23, Lemma C.2℄), valid for
any real number x, any integer j > 0 and any integer κ > 1:(
x
1 + x
)j
J (j)κ (x)≪j,κ
1
(1 + x)
1
2
(
x
1 + x
)κ
(A.3)
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for any real number x, any integer j > 0 and any integer κ > 1. The
following useful lemma follows immediately.
Lemma A.1 Let X > 0 and κ > 1, then∑
d>0
τ(d)√
d
|Jκ
(
X
d
)
| ≪
{
X1/2 logX if X > 1,
Xκ if 0 < X 6 1.
A.3. Basi fats on Kloosterman sums. For any integer m,n, c > 1, the
Kloosterman sum is dened by
S(m,n; c) :=
∑
x mod (c)
(x,c)=1
e
(
mx+ nx
c
)
where x stands for the inverse of x modulo c. We reall some basi fats
on these sums. The Chinese remainder theorem implies the following multi-
pliativity relation
S(m,n; qr) = S(mq2, n; r)S(mr2, n; q) (A.4)
valid as soon as (q, r) = 1. Here, q (resp. r) is the inverse of q (resp. r)
modulo r (resp. q). If p and q are two prime numbers, γ > 1 and r > 1
then, from (A.4) and [7, (2.312)℄ we obtain
S (pγq, 1; qr) =
{
−S (pγq, 1; r) if (q, r) = 1,
0 otherwise.
(A.5)
The Weil-Estermann inequality [6℄ is
|S(m,n; c)| 6
√
(m,n, c)τ(c)
√
c. (A.6)
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❍
❍
❍
❍
❍
α2
α1 ]0, 1] [1,+∞[
]0, 1] β1(1− α1) + β2(1− α2) β2(1− α2)
[1,+∞[ β1(1− α1) 0
Table 1. Values of δ
❍
❍
❍
❍
❍
ε
r
even odd
−1 SO(odd)
1 Sp SO(even)
Table 2. Symmetry type of Fεr
